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Bidisperse micro fluidized beds: Effect of bed inclination on mixing
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Micro fluidized beds are basically suspensions of solid particles by an ascending fluid in

a mm-scale tube, with applications in chemical and pharmaceutical processes involving

powders. Although in many applications beds are polydisperse, previous works consid-

ered only monodisperse beds aligned in the vertical direction. However, introducing an

inclination with respect to gravity leads to different bed patterns and mixing levels, which

can be beneficial for some applications. In this paper, we investigate experimentally the

behavior of micro gas-solid beds consisting of bidisperse mixtures under different inclina-

tions. In our experiments, mono and bidisperse beds are filmed with a high-speed camera

and the images are processed for obtaining measurements at both the bed and grain scales.

We show that the degree of segregation is larger for vertical beds, but mixing varies non-

monotonically with inclination, with an optimal angle of 30◦–50◦ with respect to gravity.

By computing the mean and fluctuation velocities of grains, we reveal that the mixing layer

results from the competition between segregation by kinetic sieving and circulation pro-

moted by the fluid flow. We also observe worse fluidization as the angle relative to gravity

increases, accounting then for the non-monotonic behavior. Our results bring new insights

into mixing and segregation in polydisperse beds, which can be explored for processing

powders in industry.

a)Electronic mail: erick.franklin@unicamp.br; Corresponding author

1

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
7
9
1
5
3



Accepted to Phys. Fluids 10.1063/5.0179153

Bidisperse micro fluidized beds: Effect of bed inclination on mixing

I. INTRODUCTION

A fluidized bed consists in the suspension of solid particles by a fluid flowing upwards, the

grains’ weight being balanced by forces exerted by the fluid. Because of their simple construction

and high rates of mass and heat transfers, beds fluidized in large tubes (with diameter D much

higher than those of grains d) are frequently found in industry. In those cases, the ensemble of

solids seems to behave as a fluid (although this is not really the case), which explains the term

fluidized. The apparent fluid-like behavior, however, is not observed when the bed is not large

enough (when D and d have a difference of only one order of magnitude at most).

Although there is not a formal classification, former works1–4 differentiate between narrow

beds, for which 10 < D/d ≲ 100, and very-narrow beds, for which D/d ≤ 10. In both cases, the

structures appearing in the bed are different with respect to large beds, with transverse waves, blobs

and bubbles appearing for narrow beds5,6 and plugs and large bubbles for very-narrow beds1,2. In

particular, the fluid-like behavior of grains is completely lost in the very-narrow case, with even

clogging, crystallization (faint oscillations at the grain scale only) and jamming (absence of motion

even at the grain scale) stopping fluidization3,4,7.

Cúñez and Franklin1,2 investigated the dynamics of individual grains and structures appearing

in very-narrow solid-liquid fluidized beds (SLFBs) for both mono1 and bidisperse2 beds. Cúñez

and Franklin1 found that instabilities in the form of alternating high- and low-compactness regions,

called plugs and bubbles, respectively, appear in the bed due to dense networks of contact forces

that percolate within the bed until reaching the tube wall (due to confinement). High confinement

affects also the segregation and layer inversion in bidisperse very-narrow SLFBs, as showed by

Cúñez and Franklin2, presenting a distinct behavior with respect to large beds. Later, Cúñez and

Franklin3 proceeded as Goldman and Swinney8 and investigated very-narrow SLFBs under partial

de-fluidization and re-fluidization. However, different from Goldman and Swinney8, their beds

had D/d ≤ 4.2 (high confinement) and different grain types were tested. They found that crys-

tallization can occur at fluid velocities above that for minimum fluidization (Um f ), that different

lattices can appear, that in the very-narrow case crystallization does not depend on the decelera-

tion rate of the fluid flow, and that the jamming intensity depends on the particle type. Still for

very-narrow SLFBs, Oliveira et al.7 showed that crystallization and refluidization can alternate

successively along time in monodisperse beds of regular spheres, and found the characteristic

times for crystallization. Interestingly, they showed that crystallization can be avoided by placing
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a layer of less-regular spheres on the bottom of the regular ones (those that crystallize when alone

in the tube), mitigating the problem (since crystallization is often undesirable in fluidized beds).

Finally, they showed that the high levels of agitation within the bottom layer hinders crystallization

of the top layer.

Micro fluidized beds (MFBs) are those taking place in a mm- or cm-scale tube9,10, with applica-

tions in chemical and pharmaceutical processes involving powders, such as particle encapsulation11,12,

pyrolysis13–16, catalytic cracking17,18, gasification19–21, capture of CO2
22,23, bioproduction24–26,

and wastewater treatment27,28. Because of the small diameter of the tube, MFBs are usually of

the very-narrow type (the grains’ diameter being of the order of hundreds of microns). However,

given the grain scale and area of contact with the tube wall, adhesion forces are significant, and,

therefore, structures and grain motion in MFBs are distinct from those in larger very-narrow beds.

The great potential of using MFBs in mechanical and chemical processes, in particular in the

pharmaceutical industry for producing tablets and pills29–35 and vaccines in powder form36–40,

has motivated recent investigations on MFBs. Still, most of those studies concerned cm-scale beds

only, and, to the best of the authors’ knowledge, all of them investigated vertical beds (without

considerable inclinations with respect to gravity). For example, Guo et al.41 carried out experi-

ments in gas-solid MFBs for tubes of varying diameters (from 4.3 to 25.5 mm), and found that

classical correlations for the minimum fluidization velocity Um f do not work for MFBs: Um f is

relatively much higher than in large beds. An explanation for higher Um f in MFBs was proposed

later by Do Nascimento et al.42 based on experiments in liquid-solid MFBs with hydraulic diam-

eters of 1 and 2 mm: they found that adhesion forces in MFBs can reach values comparable to

the hydrodynamic and gravitational ones. Those results were corroborated by other studies43–46,

all of them carrying out measurements at the bed scale only. More recently, Cúñez and Franklin47

investigated experimentally a gas-solid mm-scale MFB with D/d = 6 (in the very-narrow case) by

carrying out measurements at both the bed and grain scales. They found that mm-scale beds have

much reduced agitation (and, thus, transfer rates) when compared to dm- and m-scale beds, and

that increasing the flow velocity increases only slightly the agitation of grains (not avoiding the

appearance of plugs).

Although previous studies shed light on the physics of MFBs, none of them investigated the

behavior of bidisperse beds nor the effects of bed inclination on fluidization. Many questions

remain, thus, to be investigated. For instance, how grains segregate in a MFB? How bed inclination

affects segregation? Is mixing improved by inclining the bed? What is the limit angle for fluidizing
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grains in MFBs? In this paper, we inquire into these questions by carrying out experiments with

gas-solid MFBs of bidisperse mixtures under different inclinations. In our experiments, the tube

diameter was D = 3 mm and the bed was either mono or bidisperse, with mean particle diameter d =

0.5 mm in both cases (D/d = 6, corresponding to the very-narrow case). The bed was filmed with a

high-speed camera and the images were processed for obtaining measurements at both the bed and

grain scales. We show that the degree of segregation is larger for vertical beds, and that mixing

varies non-monotonically with inclination, with an optimal angle for mixing of 30◦–50◦ with

respect to gravity. By computing the mean and fluctuation velocities of grains, we show that the

mixing layer results from the competition between segregation by kinetic sieving and circulation

promoted by the fluid flow. We also observe worse fluidization as the angle relative to gravity

increases, accounting then for the non-monotonic behavior, and present a diagram of mixing vs.

deviation angle that can be useful for determining optimal mixing. Our results represent a new

step for understanding mixing and segregation in MFBs, with potential applications in mechanical,

chemical and pharmaceutical processes.

II. EXPERIMENTAL SETUP

FIG. 1. (a) Layout and (b) photograph of the experimental setup. (c) Photograph of part of the test section

with the grains inside.
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The experimental setup consisted of an air compressor, a pressure vessel, controlling vanes,

termocouples, pressure transducers, flow meters, a flow homogenizer, and a 3-mm-ID tube that

can pivot in the vertical plane and be locked in predefined inclinations within 0◦ and 90◦ ± 0.5◦.

Figure 1 shows a layout and a photograph of the experimental setup, and more details of the

pivoting system are available in the supplementary material.

We used glass (density ρp,1 = 2500 kg/m3) and zirconium (ρp,2 = 4100 kg/m3) spheres for the

grains, which we call in the following species 1 and 2, respectively, both with diameters (d1 and

d2) within 0.4 and 0.6 mm (D/d = 6), and the fluid was air (microscopy images of the used spheres

are available in the supplementary material). For the different conditions tested, we weighted the

grains until reaching the desired masses of glass (m1) and zirconium (m2), and the total mass mT =

m1 + m2 was inserted in the test section (settled by gravity). Prior to each run, the tube was set in

the vertical position and the bed fluidized by imposing a pre-determined air flow. In the bidisperse

case, the bed was fluidized until steady segregation was observed (all glass spheres forming a top

layer over the zirconium spheres). Afterward, the flow was stopped and the bed put in the desired

angle ϕ with respect to gravity. The test run then started by imposing the desired air velocity and

the bed was filmed for 30 s.

In the experiments, the total mass of particles mT varied within 0.3 and 1.0 g, the initial heights

of beds (when in the vertical position) hi f within 24 and 60 mm, the cross-sectional mean velocities

of air U within 1.57 and 2.16 m/s, and the bed inclination ϕ (with respect to gravity) within 0 and

60◦. With that, the numbers of Stokes Stt = vtdρp/(9µ f ) and Reynolds Ret = ρ f vtd/µ f based

on the terminal velocity of one single particle vt are Stt = 2.86 × 104 and 6.44 × 104 for species

1 and 2, respectively, and Ret = 1.26 × 102 and 1.73 × 102 for species 1 and 2, respectively, µ f

being the dynamic viscosity of the fluid. The settling velocity estimated using the Richardson–

Zaki correlation, vs = vt (1−φ0)
2.4, is 0.70 and 0.96 m/s for species 1 and 2, respectively, in which

we considered φ0 ≈ 0.5 (based on Cúñez and Franklin3). The tested conditions are listed in Tab.

I, which presents also the Reynolds numbers for both tube and grains based on the cross-sectional

mean velocity, ReD = ρ fUD/µ f and Red = ρ fUd/µ f , respectively.

All experiments were performed at ambient temperature within 21 and 23 ◦C and relative hu-

midity between 46 and 77%. The velocity of incipient fluidization Ui f was measured as the mini-

mum velocity required to observe motion of particles, corresponding then to the inception of bed

expansion9, and is used as an approximation of that for minimum fluidization (Um f ), such as done

by Refs.3,7,47. We note that Ui f (obtained from image processing) can differ from Um f (obtained
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TABLE I. Summary of tested conditions: mass of each species m1 and m2, fluid velocity for incipient

fluidization Ui f , bed height at incipient fluidization hi f , cross-sectional mean velocity normalized by that

of incipient fluidization U/Ui f , and Reynolds numbers for the tube and grains based on the cross-sectional

mean velocity, ReD and Red , respectively. The tests were carried out for ϕ = 0◦, 15◦, 30◦, 45◦, and 60◦.

Case m1 m2 Ui f hi f U/Ui f ReD Red

. . . g g m/s mm . . . . . . . . .

1 0.3 0 0.63 24 2.5 311 52

2 0.3 0 0.63 24 2.8 350 58

3 0.5 0 0.63 41 2.5 311 52

4 0.5 0 0.63 41 2.8 350 58

5 0.7 0 0.63 56 2.5 311 52

6 0.7 0 0.63 56 2.8 350 58

7 0.2 0.4 0.63 36 2.5 311 52

8 0.2 0.4 0.63 36 2.8 350 58

9 0.2 0.5 0.63 41 2.5 311 52

10 0.2 0.5 0.63 41 2.8 350 58

11 0.2 0.7 0.78 51 2.0 311 52

12 0.2 0.7 0.78 51 2.3 350 58

13 0.3 0.4 0.71 44 2.2 311 52

14 0.3 0.4 0.71 44 2.5 350 58

15 0.3 0.5 0.78 49 2.0 311 52

16 0.3 0.5 0.78 49 2.3 350 58

17 0.3 0.7 0.78 59 2.0 311 52

18 0.3 0.7 0.78 59 2.3 350 58

from pressure drop) because of the high friction and adhesion forces in MFBs, which induce large

fluidization-defluidization hysteresis and considerable deviations from correlations for larger (reg-

ular) beds9. For bidisperse beds, we considered Ui f as the onset of fluidization of the top layer

(following Formisani et al.48).

A high-speed camera was placed perpendicularly to the tube-pivoting plane to acquire images
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of the bed. The camera was of complementary metal-oxide-semiconductor (CMOS) type with

maximum resolution of 2560 px × 1600 px at 800 Hz, and was assembled with a 60-mm-focal-

distance lens of F2.8 maximum aperture. The region of interest (ROI) was fixed to 2560 px ×

128 px because of the bed’s narrow profile, and the acquiring frequency to 1000 Hz (the reduced

ROI allowed an increase in the acquiring frequency). The field of view varied between 213 mm

× 11 mm and 118 mm × 6 mm, corresponding to resolutions within 12 and 22 px/mm. In order

to avoid beating between the camera and lighting, the illumination system consisted of lamps of

light-emitting diode (LED) branched to a continuous-current source.

A. Image processing

Once the test run was recorded, we stored the movie frames as individual images in a computer

for being processed later. Image processing began by applying a Gaussian filter for slightly blur-

ring the images in order to reduce noise. Afterward, we applied a threshold filter to distinguish

brighter and darker pixels in images, which we associate with grains and background, respectively.

The scale of images in physical units (mm) was then determined by correlating the width of the

bed (in px) with the tube diameter D (in mm), and the bed height H was measured as the highest

longitudinal position (Fig. 1a) where a bright pixel could be found in the tube.

Individual grains were identified by searching for local maxima in the images, and afterward,

filtering by size and neighbor distance, the grain radius was determined and false positives elimi-

nated. This approach was necessary because of the relatively low resolution of particles (around

10 pixels per diameter) and high compactness of the bed, which did not allow the use of more com-

mon edge-detection algorithms. The motion of individual grains was determined by minimizing

the total distance traveled by all tracked particles between consecutive frames, for which we made

use of an Auction algorithm49. In addition, we used a Kalman filter50 to mitigate (compensate)

frames in which a particle is not identified. This tracking approach allowed for the computation

of the instantaneous velocities of grains. When the two species were present (bidisperse beds),

the identification was done by using the average brightness of each particle, since zirconium ap-

pears brighter than glass in the images. We applied a threshold to delimit plugs from bubbles,

and eliminated false positives by considering only plugs whose lengths were larger than one grain

diameter. The plug length λ was then computed as the longitudinal distance between its borders

(Fig. 1a), and the plug celerity C by tracking its top border along time (i.e., multiplying the value
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of the longitudinal position by the camera frequency). We generated synthetic images of granular

beds (with the same characteristics of those from experiments) in which we knew the exact values

of particle velocities (by imposing the displacement of each grain for a given time step between

images). By processing such images with our code, we found an average error of 0.6%, which we

consider acceptable.

III. RESULTS

A. Monodisperse beds

As in Cúñez and Franklin47, vertically-aligned monodisperse beds generated alternating high-

and low-compactness regions (plugs and bubbles, respectively) occupying the entire tube cross

section. Those structures were measured and analyzed in that work, so that we will not report

them again here. Instead, we present next the bed behavior when inclined at different angles, and

in the following section the behavior of bidisperse beds.

FIG. 2. (a) Time-averaged bed height H of monodisperse cases 1 to 6 (glass spheres) as a function of the

inclination angle ϕ (with respect to gravity). Symbols are listed in the key (same shape corresponds to a

given mT and same color to a given fluid velocity U), and the error bars correspond to the standard deviation

of measurements. (b) Plug length λ and (c) plug celerity C as functions of the inclination angle ϕ . Values

are normalized by the tube diameter D and cross-sectional mean velocity U , and graphics are presented as

box plots for showing how λ and C are distributed. Colors correspond to different cases, as listed in the key.

We begin with the variation of the bed height as a function of the inclination angle ϕ (with

respect to gravity), which we present in Fig. 2a in terms of the time-averaged bed height H.

Figure 2a shows that the bed expansion decreases non-monotonically with ϕ , until fluidization is

stopped at angles close to ϕ = 60◦. During the decrease in expansion, we observed the formation
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of a channel in the upper part of the bed (through which the air flowed more freely). We can

observe a slight increase in H for some cases when ϕ approaches 60◦, which occurred due to the

settling of grains on the lower part of the tube wall. These observations are, in a certain way, in

agreement with those reported by Del Pozo et al.51 (for the small angles tested in their study). We

note that the experimental points in Fig. 2 present higher errors (standard deviations) when plugs

and bubbles are present in the bed, producing then relatively high oscillations around a mean value

(and are not due to measurement uncertainties).

Figures 2b and 2c show the plug length λ and celerity C as functions of the inclination angle ϕ ,

and they are normalized by the tube diameter D and cross-sectional mean velocity U , respectively.

In the graphics, the box plots show how λ and C are distributed, and we observe that average

values of λ and C remain roughly constant with ϕ , while their distributions spread around the

mean values. The increase in spreading basically accounts for plugs becoming surface waves as

the bed deviates from the vertical position, being strongly related to the decrease in H and the

corresponding errors as ϕ increases. The graphics do not show values for ϕ greater than 30◦

because plugs no longer exist at those inclinations. In addition, case 5 of Tab. I did not generate

plugs at 30◦, and for this reason the respective λ and C are not shown for this inclination in Figs.

2b and 2c.

B. Bidisperse beds

Figure 3 (Multimedia view) shows snapshots placed side by side of a bidisperse fluidized bed

at different inclinations (panels a–d for ϕ = 0◦, 15◦, 30◦ and 45◦, respectively). For this bed

composition (m1 = 0.2 g and m2 = 0.5 g), we observe a decrease in the bed height as ϕ increases,

with a decrease in the size of bubbles (but not necessarily in the plug size) and a corresponding

decrease in oscillations of H. As ϕ reaches 45◦, great part of grains settle over the lower portion

of the tube wall (since from this angle on, the bed approaches the horizontal position), and plugs

and bubbles give place to surface waves that propagate on the part of the bed that is farther from

the tube wall (bed surface). For this reason, error bars are lower for higher angles in Fig. 4.

At the grain scale, Fig. 3 shows that the segregation pattern changes with inclination, with

the appearance of a mixing layer that increases until ϕ reaches approximately 45◦ (as we will see

next), from which angle fluidization decreases and, consequently, mixing decreases. The existence

of an optimal angle for mixing in bidisperse beds is an interesting behavior that can be explored in
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FIG. 3. Snapshots placed side by side of a bidisperse fluidized bed with m1 = 0.2 g, m2 = 0.5 g, U/Ui f

= 2.8 (case 10 of Tab. I), and ϕ = (a) 0◦, (b)15◦, (c) 30◦ and (d) 45◦, with a time interval of 20 ms

between frames and 1 s of total time. The images have a reasonable resolution, so that the grains can

be individually distinguished by zooming in. Panels a–d are available in larger size in the supplementary

material. Multimedia available online.

industrial processes, and of which we investigate the details in the following.

We begin by investigating the bed behavior at the bed scale. Figure 4 shows the time-averaged

bed height H as a function of the inclination angle ϕ for the bidisperse beds tested. We observe

that the decrease in bed expansion as ϕ increases is much less pronounced in most cases (in

particular when more zirconium particles are present) than in monodisperse beds. However, the

general behavior is similar: bed expansion decreases until ϕ reaches an angle that depends on the

bed composition, and, from this point on, H increases. Fluidization is finally stopped at angles

close to 60◦. As for Fig. 2, we note that experimental points present higher errors (standard

deviations) when plugs and bubbles are present in the bed. Figures 5a and 5b show the plug length

λ and celerity C as functions of the inclination angle ϕ , and are presented as box plots. As for

the modisperse case, the average values of λ and C remain roughly constant with ϕ , while the

distributions spread (the latter accounting for plugs becoming surface waves). The graphics do not

show values for ϕ greater than 30◦ because plugs no longer exist at those inclinations.

We now investigate the bed behavior at the grain scale by computing the granular temperature,

circulation of particles, and degree of mixing. We note that we only had optical access to grains
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FIG. 4. Time-averaged bed height H of bidisperse cases (a) 7 to 12 and (b) 13 to 18 as a function of the

inclination angle ϕ . Symbols are listed in the key (same shape corresponds to a given mT and same color to

a given fluid velocity U), and error bars correspond to the standard deviation of measurements.

in contact with the tube walls (the core of granular plugs, where local packing fraction is expected

to be higher, was not visible). Therefore, those quantities were computed in two dimensions, for

which we used the projection of the cylindrical surface on a Cartesian plane. For the granular

temperature, we first divided the bed into regions measuring 1.2d in the horizontal and 10d in the

vertical direcion, and computed the ensemble average ⟨v⟩ of the grains’ velocity for each cell,

⟨vk⟩=
1
N

N

∑
i=1

vki , with k = x,y , (1)

where the subscripts k and i stand, respectively, for the component (x or y) and considered particle,

and N is the total number of grains. Afterward, the local granular temperature θ was computed by

an ensemble average,
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FIG. 5. (a) Plug length λ and (b) plug celerity C as functions of the inclination angle ϕ . Values are

normalized by the tube diameter D and cross-sectional mean velocity U , and graphics are presented as box

plots for showing explicitly how λ and C are distributed. Colors correspond to different cases, as listed in

the key.

θ =
1
2 ∑

k=x,y

1
Ncell

Ncell

∑
i=1

[v2
ki −⟨vk⟩

2] , (2)

where Ncell is the number of particles in the considered cell (Fig.6a shows an illustrating diagram).

Finally, we computed the space-time average of the granular temperature for the entire bed ⟨θ⟩ and

duration of tests, for each case tested. This average indicates the degree of agitation at the level of

grains within the entire bed, and they are shown in Fig. 7 in dimensionless form (normalized by the

mean value for the vertical bed θ0). A figure in dimensional form and space-time diagrams of the

granular temperature θ for different angles are available in the supplementary material. This figure

shows that the average granular temperature ⟨θ⟩ decreases with increasing ϕ , which corresponds

to lower levels of fluidization as the bed is inclined toward a horizontal flow. For increasing ϕ , an

increasing number of grains settle at the lower part of the tube wall, with the formation of an air

channel in the region closer to the upper part of the tube wall52.

Since the agitation of grains decreases with ϕ , the motion of grains must present a circulatory

component for an increase in mixing at intermediate angles (as observed in Fig. 3). This can

be investigated by computing the volumetric flux of particles53, calculated in pre-defined cells

throughout the bed by using the velocity of each particle, accounting then for the flux of solids in

terms of volume. Because in our images only grains in contact with the tube wall are visible, we

compute a flux in terms of area: In each grid cell, the area flux A⃗ is computed as the sum of the
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FIG. 6. Diagrams showing (a) regions in which granular temperature θ was computed based on ensemble

averages and (b) definition of the bed moment L⃗.

particle’s area (πr2
i ) multiplied by its velocity, and divided by the cell’s length (lk) perpendicular

to the velocity component k, as shown in Eq. 3,

Ak =
1
lk

N

∑
i=1

[vki πr2
i ] , with k = x,y . (3)

A parameter that further represents the circulation of solids is the bed moment L⃗, computed as the

cross product of the distance measured from the center of rotation r⃗ by the area flux A⃗, summed

over all j regions in the bed,

L =
j

∑
i=1

[⃗r× A⃗] · e⃗z , (4)

where e⃗z is the unity vector perpendicular to the considered plane and L = L⃗ · e⃗z (Fig.6b shows an

illustrating diagram).

Figure 8 presents the magnitude of the bed moment L normalized by the bed height H and

cross-sectional velocity of air U as a function of the inclination angle ϕ , for both monodisperse

and bidisperse beds. The values are negative because of axes orientation, since the bed inclinations

promoted clockwise rotations (counterclockwise rotations would imply positive values). There-

fore, absolute values of L in Fig. 8 correspond to the momentum strength. Although values vary

with the bed composition and size, we observe that stronger circulations of grains in monodisperse

beds occur for angles around 10◦–20◦, while in bidisperse beds they occur for angles within 30◦–

50◦, i.e., closer to the horizontal position when compared to the monodisperse case. We expect,
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FIG. 7. Space-time averages of the granular temperature for the entire bed ⟨θ⟩ as a function of the inclination

angle ϕ . The ordinates present the logarithm of ⟨θ⟩ (normalized by the mean value for the vertical bed θ0)

in order to accentuate differences. Symbols are listed in the key (same shape corresponds to a given mT and

same color to a given fluid velocity U), and error bars correspond to the standard deviation of measurements.

thus, stronger mixing in the bidisperse cases when inclinations are around 30◦–50◦ with respect

to gravity, which is corroborated by direct measurements of mixing (presented next). In terms of

strength, the moduli of L/(HU) reach higher values in monodisperse beds (≈ 140) in comparison

with bidisperse beds (≈ 100). Graphics of the area flux along the bed, for different inclinations,

are available in the supplementary material54, showing in detail the circulation patterns (vortices)

of groups of particles. One of the graphics shows that patterns are not uniform along the bed,

but consist in vortices that circulate grains between adjacent plugs and propagate in the main flow

direction.

To estimate the degree of mixing of different species, a region is traced to surround every

particle of the corresponding type and a frontier is established. Then, only particles of a given
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FIG. 8. Magnitude of the bed moment L normalized by the bed height H and cross-sectional velocity of

air U as a function of the inclination angle ϕ , for (a) monodisperse beds (b) bidisperse beds with m1 = 0.3

g. Symbols are listed in the key (same shape corresponds to a given mT and same color to a given fluid

velocity U), and error bars correspond to the standard deviation of measurements.

species trespassing the frontier of the other one are counted for computing the degree of mixing,

as shown in Fig. 9a. Then, the mixing ratio M is computed as the ratio between the number of

particles in the mixing layer and the total number of particles,

M =
P21 +P12

P1 +P2
, (5)

where Pm is the number of particles of species m and Pmn is the number of particles of species m

trespassing the frontier of species n. Figure 9b (Multimedia view) shows the mixing ratio M as

a function of the inclination angle ϕ for some bidisperse beds. We observe that, indeed, stronger

mixing occurs for angles within 30◦–50◦, where the mixing ratio M reaches values up to 0.25.

Finally, in order to verify the relation between circulation of grains and mixing, we plotted the

15

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
7
9
1
5
3



Accepted to Phys. Fluids 10.1063/5.0179153

Bidisperse micro fluidized beds: Effect of bed inclination on mixing

FIG. 9. (a) Diagram indicating how mixing is considered for computations. (b) Mixing ratio M as a function

of the inclination angle ϕ , for bidisperse beds with m1 = 0.3 g. Symbols are listed in the key (same shape

corresponds to a given mT and same color to a given fluid velocity U), and error bars correspond to the

standard deviation of measurements. (c) Mixing ratio M as a function of the dimensionless bed moment L.

Multimedia available online.

mixing ratio M as a function of the bed moment L, which we show in Fig. 9c in dimensionless

form. Although with some dispersion, we observe a tendency of higher mixing for higher bed

moment (in modulus).

Further investigations can carry out numerical computations, in particular Euler-Lagrange sim-

ulations (computational fluid dynamics - discrete element method, for example), for measuring in

detail the motion of all grains within the bed. In addition, the results would be in three dimensions,

so that grain-scale data such as the granular temperature would be more accurate. Because of the

small number of particles in the bed, we believe that the Euler-Euler approach is not suited for this

problem.

In summary, for the range of parameters investigated in this study, mixing in bidispese MFBs

is enhanced for inclination angles within 30◦–50◦ with respect to gravity. The non-monotonic

behavior results from a competition between worse fluidization (lower agitation) and stronger
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circulation as inclination deviates from the vertical orientation. The present results can be useful

for improving mechanical, chemical and pharmaceutical processes in which mixing in MFBs is

necessary.

IV. CONCLUSIONS

In this paper, we investigated experimentally the dynamics of mono and bidisperse gas-solid

MFBs under different inclinations. In the experiments, MFBs of the very-narrow type (D/d = 6,

i.e., highly confined) were filmed with a high-speed camera and the images processed for obtaining

measurements down to the grain scale. For monodisperse beds, we found that plugs become

surface waves as the bed deviates from the vertical position, with plugs no longer existing for

deviation angles ϕ higher than 30◦. Within 0◦ ≤ ϕ ⪅ 30◦, average values of plug length λ and

celerity C remain roughly constant. We observed the same behavior for bidispese MFBs and, in

addition, found that: (i) the degree of segregation is larger for vertical beds; (ii) mixing varies

non-monotonically with the bed inclination, with an optimal angle within 30◦ ≤ ϕ ≤ 50◦ where

the mixing ratio M reaches values up to 0.25; (iii) granular temperature and fluidization decrease

with the increase of ϕ; (iv) circulation of grains varies non-monotonically with the increase of ϕ ,

with the magnitude of the normalized bed moment L/(HU) (associated with circulation) reaching

values up to 100 in the bidisperse case when 30◦ ≤ ϕ ≤ 50◦; (v) as a consequence, the mixing layer

results from the competition between segregation by kinetic sieving and circulation promoted by

the fluid flow. Finally, we presented a diagram showing how mixing M varies with the bed moment

L, evincing a direct relation between both, and a diagram of mixing M vs. deviation angle ϕ that

can be used for determining optimal mixing. Our results can be useful to improve mechanical,

chemical and pharmaceutical processes in which mixing in MFBs is necessary, such as capturing

CO2, treating wastwater, and producing tablets, pills and vaccines in powder form, for example.
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