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Abstract

Granular media are frequently found in nature and in industry and their
transport by a fluid flow is of great importance to human activities. One
case of particular interest is the transport of sand in open-channel and river
flows. In many instances, the shear stresses exerted by the fluid flow are
bounded to certain limits and some grains are entrained as bed-load: a mo-
bile layer which stays in contact with the fixed part of the granular bed.
Under these conditions, an initially flat granular bed may be unstable, gen-
erating ripples and dunes such as those observed on the bed of rivers. In
free-surface water flows, dunes are bedforms that scale with the flow depth,
while ripples do not scale with it. This article presents a model for the forma-
tion of ripples and dunes based on the proposition that ripples are primary
linear instabilities and that dunes are secondary instabilities formed from
the competition between the coalescence of ripples and free surface effects.
Although simple, the model is able to explain the growth of ripples, their
saturation (not explained in previous models) and the evolution from ripples
to dunes, presenting a complete picture for the formation of dunes.
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1. INTRODUCTION

Granular media are frequently found in nature and in industry and their
transport by a fluid flow is of great importance to human activities. Some ex-
amples are the aeolian transport of dust, the pneumatic conveyance of powder
in the food industry, the conveyance of sand in hydrocarbon pipelines and the
migration of sand dunes on both Earth and Mars. A better knowledge of the
granular transport and of the associated instabilities is then of importance
to understand nature and to improve industrial processes.

In some cases, the shear stresses exerted by the fluid flow are bounded to
certain limits: the fluid flow can displace some grains, but not as a suspension.
Instead, some grains are entrained by rolling or by executing small jumps,
forming a mobile layer which stays in contact with the fixed part of the
granular bed. If the fluid is a liquid, the thickness of this mobile layer is a
few grain diameters [1, 2]. This kind of transport is called bed-load.

A dimensionless parameter pertinent to the bed-load can be obtained
from the dimensional analysis. This parameter, called Shields number θ, is
the ratio of the entraining force, of hydrodynamic nature, to the resisting
force, related to the grains weight

θ =
τ

(ρs − ρ)gd
(1)

where τ is the shear stress caused by the fluid on the granular bed, d is
the mean grain diameter, ρ is the density of the fluid, ρs is the density of
the grains and g is the gravitational acceleration. In order to obtain Eq.(1),
the scale of the hydrodynamic force was considered as τd2, and that of the
resisting force as (ρs − ρ)gd3. Bed-load takes place for 0.01 . θ . 1.

In the presence of bed-load, an initially flat granular bed may become
unstable and give rise to bedforms. These forms, initially two-dimensional,
may grow and generate patterns such as ripples or dunes. In free-surface
water flows, dunes are bedforms that scale with the flow depth, while ripples
do not scale with it.

Of particular interest are the ripples and dunes appearing on the bed of
rivers. The aquatic ripples create a supplementary friction between the bed
and the water, affecting then the water depth and being related to flood
problems. In the case of dunes, water flows can experiment local depth
variations, affecting then navigation [3].
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A balance between the local erosion and deposition of grains determines
the conditions for the stability of a granular bed. Stability occurs whenever
there is erosion at the crests of the granular bed, so that the amplitude of
initial undulations decreases. The opposite situation means that the bed is
unstable. Neutral stability exists if there is neither erosion nor deposition at
the crests. The mass conservation of grains implies that there is erosion in
regions where the gradient of the flow rate of grains is positive and deposition
where it is negative. The phase lag between the flow rate of grains and the
bedforms is then a stability criterion: if the maximum of the flow rate of
grains is upstream the crests the bed is unstable, otherwise the bed is stable.
Considering this, one manner to explain the bed stability is to understand
the mechanisms creating a phase lag between the flow rate of grains and the
shape of the granular bed.

These mechanisms were explained in a recent article [4], in the specific
case of granular beds sheared by turbulent boundary-layers of liquids, without
free surface effects. Franklin (2010) [4] proposed that the mechanisms are
essentially three: (i) the fluid flow perturbation by the shape of the bed,
which is known to be the unstable mechanism [5, 6, 7]; (ii) the relaxation
effects related to the transport of grains; and (iii) the gravity effects. Both
(ii) and (iii) are stable mechanisms [8, 9, 4]. Franklin (2010) [4] performed
a linear stability analysis and showed that the length-scale of the initial
bedforms varies with both the fluid flow conditions and the grains diameter.

A nonlinear stability analysis in the same scope of [4] was presented by
[10]. The employed approach was the weakly nonlinear analysis [11, 12, 13,
14], useful whenever a dominant mode can be proved to exist in the beginning
of the nonlinear phase of the instability. This means that the modes resonat-
ing with the dominant one will grow much faster than the others, which can
be neglected, so that the analysis is then made on a bounded number of
modes. It was showed by [10] that, after the initial exponential growth (lin-
ear phase), the instabilities saturate, i.e., they attenuate their growth rate
and maintain the same wavelength.

In a recent article, [15] proposed that ripples are primary linear instabil-
ities, while dunes are secondary instabilities formed from the coalescence of
ripples. This was argued based on linear stability analyses for granular beds
under turbulent streams, with and without free surface effects. Their results
showed that the growth rate of the small wavelength modes (ripples) is four
to six orders of magnitude greater than that for the large wavelength modes
(dunes), so that the time scale to the linear development of dunes is many
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times greater than the time scales related to the formation and evolution of
ripples. They concluded that dunes are formed by the coalescence of ripples.
The formation of dunes by the coalescence of ripples was already proposed
by [16, 17].

Based on the hydrodynamics of a free-surface stream over a wavy bed,
[15] showed that the size of dunes is determined by the effects of the free
surface. Dunes grow initially in subcritical regime and, as their sizes become
comparable to the flow depth, they induce surface standing waves 180o out-
of-phase with respect to the dunes. As dunes continue to grow, their size will
eventually affect locally the fluid flow regime, which will reach the transition
from subcritical to supercritical. The latter is characterized by surface stand-
ing waves in phase with the dunes. In between the two regimes, there should
be surface waves shifted of about 90o downstream the dunes, which implies
stability. This transition region, called by [15] resonance region, determines
the length-scale of dunes.

This paper presents a simplified analysis of the instabilities of a granu-
lar bed submitted to free-surface turbulent flows. The main purpose is to
understand the growing and evolution of ripples and dunes observed in river
and open-channel flows. The fundamental idea advanced by [15] is employed
here: ripples are formed as a primary linear instability while dunes are formed
by the coalescence of ripples. A complete model able to explain the growth
of ripples, their saturation and their evolution to dunes is then proposed,
presenting a complete picture for the formation of dunes. In particular, the
saturation of ripples was not explained in previous models for the formation
of dunes and it is included for the first time here. In the present model,
the formation of ripples is given by the analysis of [4], and their nonlinear
evolution is given by a modified version of [10]. The formation of dunes in
then proposed by a simple analysis where the coalescence of ripples is the
unstable mechanism while the effects of the free surface constitute the stable
mechanism.

The next section presents a brief summary of the results of the linear
stability analysis of [4] and the following section proposes a modification on
the nonlinear analysis of [10]. They are followed by a section discussing the
free surface effects on the stability of the bed and by a section discussing the
long-time evolution of bedforms. A conclusion section follows.
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2. LINEAR STABILITY ANALYSIS

In the last decades many linear stability analyses have been done in an
attempt to understand the growth of bedforms on granular beds sheared by
fluid flows. As examples, we may cite [18, 19, 20, 21, 3, 22, 23, 24, 15], among
others. Usually, this kind of analysis find a most unstable mode, so that a
length-scale and a celerity can be determined for this mode. However, given
the linear character of the solution, the analyses are valid only during the
initial phase of the instabilities, i.e., within a time-scale equal to σ−1, where
σ is the growth rate of the most unstable mode.

Some of these works considered free-surface flows and found an unstable
mode that scales with the flow depth. This mode, called dune mode, was
shown in a recent work [15] to have a much larger time-scale than another
mode not scaling with the flow depth, called ripple mode. This discussion is
left to section 4.

A linear stability analysis on a granular bed sheared by a turbulent liquid
flow, without free surface effects, was presented by [4]. The stability analysis
was based on four equations, describing: (i) the fluid flow perturbation by
the shape of the bed (in which the gravity effects were included), (ii) the
transport of granular matter by a fluid flow, (iii) the relaxation effects related
to the transport of grains, and (iv) the mass conservation of granular matter.

Due to the small character of the perturbations, the solutions were searched
as plane waves and expressions for the growth rate σ and the celerity c of bed-
forms were found. The stability analysis showed the existence of a long-wave
instability, with the fluid flow conditions, the relaxation effects and the grav-
ity effects playing important roles. Based on these results, expressions for
the the most unstable (or amplified) mode were determined as corresponding
to ∂σ/∂k = 0, where k is the wave-number. The expressions obtained by
[4] for the wavelength λ, the growth rate σ and the celerity c of the most
unstable mode are given below

λmax ≈ 3BA

2Be

Lsat (2)

σmax ≈ 2

9

B3

B2
A

(BA − 2)Qsat
1

(Lsat)2
(3)

cmax ≈ B

BA

Qsat
1

Lsat

(4)
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where the subscript max is related to the most unstable mode, Qsat is the
saturated volumetric flow rate of grains by unit of width over a flat surface
(basic state), Lsat =

u∗

Us
d is a distance called “saturation length” (Us is the

typical settling velocity of one grain) and A, B, Be and BA are constants.
Please refer to [4] for more details about the linear analysis.

Because this stability analysis didn’t take into consideration the free sur-
face, it is only applicable to the ripple mode. The most relevant result of
this analysis concerns the dependence of the wavelength of the most unstable
mode on the fluid flow, scaling as λmax ∼ u∗, where u∗ is the shear velocity.
In a turbulent boundary-layer, the shear velocity is defined as τ = ρu2

∗
. So,

different from previous stability analyses for flows in turbulent regime with-
out free surface, [4] proposed that the initial wavelength varies with the flow
conditions if the carrier fluid is a liquid. This could explain some previous
experimental results [25, 26].

3. NONLINEAR ANALYSIS

In order to understand the evolution of ripples after the linear phase of the
instability, i.e., in a time-scale greater than σ−1, [10] presented a nonlinear
stability analysis in the same scope of [4]. The approach used was the weakly
nonlinear analysis [11, 12, 13, 14], useful whenever a dominant mode can be
proved to exist. This means that the modes resonating with the dominant
one will grow much faster than the others, which can be neglected. The
analysis is then made on a bounded number of modes. Charru (2007) [14]
presents a remarkable description of the weakly nonlinear approach, and of
its application to the case of liquid films. The same ideas where applied by
[10] in the case of a granular bed sheared by a turbulent flow of a liquid. The
nonlinear analysis of [10] is briefly discussed next, and a small modification
is proposed here.

The equations employed by [10] were the same as that of [4]. These
equations were combined and a single equation could be obtained,

∂th+ B1(h)
2 +B2(∂xh)

2 + B3h∂xh+ B4h+ B5∂xh− ch = 0 (5)

where c is the celerity of the bedforms and B1 to B5 involve Qsat, Lsat, Lc

and some constants, so that B1 to B5 are only functions of u∗ and d (Lc is a
characteristic length of the bedform). They may then be treated as constants
in an analysis of a given granular bed submitted to a given fluid flow.
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In the nonlinear analysis of [10] the term ch was treated as a constant, but
this simplification seems inadequate. A modification is proposed here and
the present analysis differs from that of [10] in its linear part. This difference
is subtle, but it is of great importance because the nonlinear phase of the
instability presents a fundamental mode that comes from the linear part.

In the weakly nonlinear analysis we are interested in the early stages of the
nonlinear instability, when the exponential growth is no longer valid and the
nonlinear terms become pertinent. In this case, it is a reasonable assumption
to consider that the celerity c of bedforms is approximately the celerity of
the linear phase. The linear analysis of [4] showed that the celerity of the
initial instabilities is given by c ∼ Qsat/Lsat, so that c ∼ u∗(u∗d/Us)

−1.
With this assumption, c may be treated as a constant in an analysis of a
given granular bed submitted to a given fluid flow. The last term of Eq. (5)
is then considered here as varying with h.

In this problem the large scales are limited by periodicity and the small
ones by the discrete nature of the grains, so that [10] considered a limited
number of Fourier components as the normal modes. These modes were then
inserted in Eq. (5) and the nonlinear terms were maintained. Normalizing the
problem by its characteristic length (k−1), and inserting the normal modes
into Eq. (5), one can find the following equation

1
2

∞
∑

n=−∞

[

dAn

dt
+ An(B4 − c) + iB5nAn

]

einx

+1
2

∞
∑

n=−∞

[

A2
nB1 + B2(inAn)

2
]

e2inx

+1
2

∞
∑

p=−∞

∞
∑

q=−∞

[B3ApiqAq] e
i(q+p)x = 0 (6)

The difference between Eq.(6) and the corresponding equation in [10] lies in
the first term on the left-hand side of Eq.(6).

Following the original idea of [11], [10] neglected some terms in Eq.(6)
because some other terms are expected to resonate with the linear part. By
inspecting Eq.(6), [10] proposed that the third term may resonate with the
linear part (in the first term) if q + p = n. Proceeding as [10] and keeping
only the resonant terms of Eq.(6), we find
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dAn

dt
= σnAn + iB3

∞
∑

p=−∞

[

pAp+nA
∗

p

]

(7)

where σn = c− B4 − inB5 (different from [10]).
Inspecting Eq.(7), it can be seen that σn contains the linear part of the

problem and that the non-linearities are in the third term. If the latter is
neglected, which can be done in the initial phase of the instability, we find
that the solution is stable for σn < 0 and unstable for σn > 0. In this case,
c − B4 is the parameter controlling the threshold of the instability: giving
the scales of c, the basic state is stable when u∗/Lsat < B4 and it is unstable
when u∗/Lsat > B4, and the constant B4 may be seen as a threshold value.
We retrieve the conclusion of the linear analysis of [4], that there is a cut-off
wavelength that scales with both u∗ and Lsat, the small wavelengths being
stable. It is important to note that this link with the linear analysis could
not be done in [10] because, different from here, the term ch was then treated
as a constant.

Franklin (2010) [10] wrote Eq.(7) for the first three modes (for n > 0)
and, on the onset of the instability, showed that: (i) the second and higher
modes can be written as functions of the first mode; (ii) the first one is a
fundamental mode. An equation for the fundamental mode similar to the
Landau Equation [11, 13] was then obtained

dA1

dt
= σ1A1 − κLA1 |A1|2 + O(A5

1) (8)

where κL = −B2
3/σ2 > 0.

From Eq.(8), we can see that the nonlinear term will saturate the insta-
bility in a time-scale greater than σ−1: after the initial exponential growth,
the instability will be attenuated and eventually reach a finite value for the
amplitude, maintaining the same wavelength. This corresponds to a super-
critical bifurcation [27, 14]. This result is corroborated by some experimental
works [25, 26], as discussed in [10].

4. FREE SURFACE EFFECTS: THE SCALES OF RIVER DUNES

It is known from measurements in the field that river beds have at least
two characteristic wavelengths [3, 15], one scaling with the grains diameter
and with an inner layer close to the bed (but not with the flow depth), and

9



another one scaling with the water depth. They correspond, respectively, to
ripples and dunes.

In the two previous sections, the effects related to the presence of a free
surface were not considered. This is valid for flows without free surface, or
whenever the bedforms are much smaller than the flow depth, such as the
ripples in river and open-channel flows. However, if we are interested in river
bedforms, the presence of the free surface must be taken into account when
considering dunes. River dunes are usually defined as bedforms whose size
is of the same order of magnitude as the flow depth, so that the free surface
affects the fluid flow near the bed.

In the last decades, many stability analyses have been done in order to
understand the wavelength and the celerity of dunes in rivers [18, 19, 20,
22, 3, 28]. The great majority of these works found that the wavelength
of the initial instabilities scales with the liquid depth, i.e., there would be
a primary instability affected by the free surface. This primary instability
must be strong enough to allow the growth of dunes in a time-scale smaller
than, or of the same order as, that of ripples.

Richards [22] performed a linear stability analysis that showed the pres-
ence of two unstable modes: one scaling with the liquid depth (dune mode)
and the other scaling with the grains diameter, but independent of the free
surface (ripple mode). He proposed that both modes would emerge as pri-
mary instabilities.

Coleman and Fenton (2000) [28] presented a reassessment of linear sta-
bility analyses describing river-bed instabilities based on the potential flow
theory. They showed that potential flow analyses fail to predict the initial
instabilities of an alluvial bed. They proposed, however, the existence of a
resonance mechanism between surface and bed waves which can determine
the length-scale of dunes developed from initial bedforms.

Raudkivi (2006) [17] presented a description of the generation of ripples
and of their transition to dunes in alluvial beds. The author argued that the
bed features are not oscillatory waves and that stability models are not ade-
quate to explain the formation of ripples. Their generation is then described
in terms of the turbulent structures of the fluid flow and the wavelength of
ripples are proposed as a function of solely the grains diameter. However, this
argument misses generality: (a) it cannot explain the formation of ripples in
laminar flows; (b) the proposed equations relate the wavelength of ripples
to a power of the grain diameter, so that the equations constants have di-
mensions (indicating a dimensional inconsistency). In the case of dunes, [17]
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proposed that they are formed by the coalescence of ripples, which agrees
with previous experimental data presented in [17].

Recently, [15] presented a linear stability analysis for bedforms in rivers,
in turbulent regime. In their analysis, they found that the ripple mode (not
scaling with the liquid depth) has a growth rate many times greater than
the dune mode (scaling with the liquid depth). Also, they found a range of
wavelengths, scaling with the liquid depth, where the growth rate is strongly
negative. They called this range “resonance region”. Any bedform in this
range has a strong negative growth rate.

Fourrière et al. [15] showed that the time scale for the growth of dunes
as a primary linear instability is many times greater than that for the ap-
pearance of dunes by the coalescence of ripples (which have a much faster
evolution). As a consequence, the dunes observed in rivers are the product
of a secondary instability resulting from the coalescence of ripples, agreeing
with [17, 28]. These dunes grow and reach a length-scale that corresponds
to the resonance range, when their growth is then stopped by free surface
effects. They concluded that ripples appear as a primary linear instability
that eventually saturates (but they did not prove the saturation), and that
dunes appear as a secondary instability resulting from the coalescence of rip-
ples (unstable mechanism) and the free surface effects (stable mechanism in
the resonance range).

This section is devoted to the study of bedforms observed in free-surface
water flows, such as in open-channels and rivers. We know from previous
works that in such cases there are at least two characteristic wavelengths,
one scaling with the grains diameter and with an inner layer close to the bed
(ripple mode), and another scaling with the fluid depth (dune mode). The
ripple mode is unaffected by the free surface, so that the stability analyses
summarized in sections 2 and 3 are valid for this mode: the initial instabilities
and their saturation can be predicted by these analyses. The dune mode,
as proposed by the recent work of [15], is considered here as a secondary
instability resulting from the competition between the coalescence of ripples
and the free surface effects.

In order to obtain a complete picture for the formation of dunes from an
initially flat granular bed, the models summarized in sections 2 and 3 are
complemented by an analysis of the effects caused by the free surface. Fol-
lowing [15], the fluid flow over dunes can be an unstable or stable mechanism
relatively strong, i.e., the stability is determined by the fluid flow. To obtain
the length-scale of dunes, it is proposed here a simple analytic manner to de-
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Figure 1: Definition of the free surface η, the bedform height h, the liquid depth H, the
fluid velocity U in the outer region, the height of the inner region ℓ, the vertical coordinate
employed in the outer region y and the displaced vertical coordinate employed in the inner
region ∆y. The subscript 0 corresponds to the fluid flow over a flat bed.

termine the shear stress caused by the flow on the dune surface. If the shear
stress in out-of-phase with respect to the bedform, stability or instability
may then be concluded.

The perturbation of the flow by a low hill can be determined by asymp-
totic methods. In the case of turbulent boundary-layers over hills of small
aspect ratio, a two-region structure can be employed to determine the per-
turbed flow (a remarkable review is presented by [29]). Furthermore, each
of these two-regions are sometimes sub-divided in two layers in order to cor-
rectly match each other and the boundary conditions. Asymptotic methods
have been formally applied to hills with aspect ratios of hmax/(4L) < 0.05
[5, 30, 6] (the total length of the bedform is ≈ 4L and hmax corresponds to the
maximum value of the local height of the bedform h), but [31] showed that
reasonable results are obtained when applied to slopes up to hmax/(4L) = 0.3
(dunes have aspects ratios of hmax/(4L) = O(0.1)). In particular, when
hmax/(4L) = O(0.1), the obtained equations shall be applied to an envelope
formed by the bedform and the recirculation bubble [7].

Following the same idea, the shear stress on the dune surface is determined
here by an asymptotic approximation. The two-dimensional flow field is
divided in two regions: an outer region where the flow is far from the bed
and is approximately potential; and an inner region, smaller than the outer
one and close to the bed, where shear stresses and viscous effects are strongly
present. These regions are shown in Fig. 1.

The inner region is close enough to the bed, in a region where the tur-
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bulent vortices can adapt to equilibrium conditions with the mean flow over
the dune. As explained by [29], the time scale for the dissipation of the
energy-containing eddies is much smaller than the time scale for their ad-
vection, so that this region is in local-equilibrium. The local-equilibrium
condition allows the use in this region of turbulent stress models, such as the
mixing-length model. Also, as this region has a small thickness and follows
the bedform without significant changes in thickness, the perturbations are
driven by the pressure field of the outer region.

The outer region is far enough from the bed so that the energy containing
vortices cannot adapt to equilibrium conditions with the mean flow. In other
words, the time scale for the dissipation of the energy-containing eddies is
much larger than the time scale for their advection, so that the flow is not
in local-equilibrium [29]. For this reason, the mean flow in this region is
almost unaffected by the shear stress perturbations and a potential solution
is expected at the leading order.

The division of the flow in only two regions, employed in this work, is
a simple approach that allows a rough description of the flow over a bed-
form. However, in order to perfectly match the two regions, an intermediate
layer (or region) must exist. In some works, each region is sub-divided in
layers. For instance, [6] divided the inner region in two layers: one, closer to
the bed surface, where the flow is determined by pressure and shear effects
(the inertial effects are negligible) and which lower part match the boundary
conditions on the bed; the other, closer to the outer region, where the flow
is determined by pressure, shear and inertial effects and which upper part
match the outer region. Hunt et al. (1988) [6] also divided the outer re-
gion in two layers. In the upper part, the ratio between the Reynolds stress
gradient and the inertial effects is very small and the flow is approximately
potential. In this layer the flow is dominated by pressure effects. The lower
part must match the inner region, so that the flow in this layer is inviscid,
but rotational.

4.1. Outer region

In the outer region, the perturbations induced by the bedform occur in a
relative short length, so that the turbulence cannot adapt to the mean flow
and the Reynolds stress perturbations are negligible [29]. Then, a potential
solution is expected at the leading order.

As this region is relatively far from the bed, the curvature of the stream-
lines is much smaller than near the bed, and the employed vertical coordinate
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is y, shown in Fig. 1. Also, due to the small curvature, we approximate the
flow in this region as being uniform and perturbed in a potential manner in
the first order on the small parameter ε. The flow is also affected by shear
stress perturbations in an order smaller than, or equal to, ε (this will be
shown next).

Given the small aspect ratios (the aspect ratios reported for river dunes
are O(0.1)), a reasonable choice for the small parameter is ε = h/H0. Ex-
pansions of the mean velocity of the fluid flow U and of the free surface
position η in power series of the small parameter ε give

U = UA + εUB + O(ε2) + O(ε1) (9)

η = ηA + εηB + O(ε2) + O(ε1) (10)

where UA, UB, ηA, and ηB are the expansion terms and are O(1). ε1 is
the small parameter to be used in the inner region. The aforementioned
approximation of an uniform basic flow means that UA = 0 is a solution.

If a potential flow approximation is expected in the first order in ε, then
the Bernoulli equation, together with the mass conservation, may be em-
ployed in the outer region (Eqs. 11 and 12 , respectively)

U2

2
+ gη =

U2
0

2
(11)

U (H0 − h+ η) = U0H0 (12)

where H is the flow depth and the subscript 0 corresponds to the fluid flow
over a flat bed.

By inserting the expansions (Eqs. 9 and 10) in Eqs. (12) and (11), and
separating the terms by their respective orders, one obtains

O(1) :

UA + UA
ηA
H0

= U0

1
2
U2
A + gηA = 1

2
U2
0

(13)

where UA = U0 and ηA = 0 is a solution (and it is physically expected), and

O(ε) :
−UA + UA

ηB
H0

+ UB + UB

H0

ηA = U0

UAUB + gηB = 0

(14)
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The solution of the system given by Eq. (14) is ηB = H0(Fr2/(Fr2 − 1))
and UB = −U0(1/(Fr2 − 1)), where

Fr =
U0√
gH0

(15)

is the Froude number: the ratio between the velocity of the mean flow and
the celerity of surface gravity waves. The expansions given by Eqs. (9) and
(10) then become

U = U0

[

1− h

H0

(

1

Fr2 − 1

)]

+ O(ε2) + O(ε1) (16)

η = h

(

Fr2

Fr2 − 1

)

+ O(ε2) + O(ε1) (17)

An expansion for the pressure in the outer region can be written based
on Eq. (17). In non-dimensional form, the pressure P ad

outer is

P ad
outer =

H

H0

= 1 +
h

H0

(

1

Fr2 − 1

)

+ O(ε2) + O(ε1) (18)

4.2. Inner region

In this region the flow is in local equilibrium, i.e., as the flow pass the
dune the eddies adapt to be in equilibrium with the mean flow, in a time
scale much shorter than the one to advect them [29]. Because this region is
relatively close to the bed, the curvature of the streamlines approximately
follows the bedform. In order to better describe the flow in this region, it is
preferable to employ the displaced vertical coordinate ∆y shown in Fig. 1

∆y = y − h (19)

Solutions for the inner region of turbulent boundary-layers perturbed by
hills have been found by some authors, as for instance [5, 30, 6, 7]. In all cases,
the mixing-length model was employed as a closure for the turbulent stresses
and the nature of the perturbation was the same: the flow perturbations in
the inner region were considered as driven, in the first order in ε1, by the
pressure field of the outer region.

These solutions for the inner region are expected to be similar to the
present problem, given that all cases concern local-equilibrium conditions.
The form of the solution presented by [7] is employed here, but with the
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pressure perturbation found previously for the outer region. In the inner
region, as proposed by [5, 6, 7], the flow over the bedform can be found
as expansions in power series of the small parameter ε1 = ln (ℓ/z0), where
ℓ is the thickness of the inner region and z0 is the roughness height. For
turbulent flows over sand grains, ε1 is O(0.1), so that is has the same order
as ε. From a balance between the acceleration terms and the stress terms
in the longitudinal momentum equation, and employing the mixing-length
model, [5] found that the thickness ℓ of the inner region is given by

ℓ

L
ln

(

ℓ

z0

)

= 2κ2 (20)

where κ = 0.41 is the Kármán constant.

4.3. Matching and shear stress on the bed

Because the stability of a granular bed depends on the bed-load flow
rate and, in their turn, the formulae for the bed-load flow rate are functions
of the shear stress on the bed, we are particularly interested in the latter.
The perturbed (non-dimensional) shear stress on the bed (∆y → 0) in the
longitudinal direction τpert can be found by matching the inner and the outer
regions.

In order to perfectly match the inner and the outer regions, an interme-
diate region between them needs to be taken into account. In this region,
the flow can be considered as inviscid, but it is rotational. In an attempt to
keep the model simple, we do not explicitly create an intermediate region.
Instead we employ the expression for τpert obtained by [7] who considered, in
its deduction, the intermediate region

τ̃pert = F{P ad
outer}

k2

|k|

[

1 +
2lnL|k|+ 4γ + 1 + iπsign(k)

ln (ℓ/z0)

]

(21)

where the tilde denotes the Fourier space, F is the Fourier transform operator,
γ = 0.577216 is the Euler’s constant, sign(k) is the sign of k and L is the
half length (longitudinal distance between the crest and the position where
the bedform height is half of its maximum value, so that the total length of
the bedform is ≈ 4L).

Following the idea of [32, 33, 34], the terms that are functions of ln (ℓ/z0)
can be grouped together and, as their variation is very small, they may be
considered as constants. This gives
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τ̃pert = f(Fr)AF{h} [k + iBk] (22)

where A and B are constants, and f(Fr) is constant for a given fluid flow

f(Fr) =
−1

Fr2 − 1
(23)

A =

[

1 +
2ln(1/4) + 4γ + 1

ln (ℓ/z0)

]

(24)

B =
1

A

π

ln (ℓ/z0)
(25)

Variations of ln (ℓ/z0) over three decades do not change the order of magni-
tude of A and B. For example, for O(103) < ln (ℓ/z0) < O(105), A = O(1)
and B = O(0.1) (both having positive values). In the real space, Eq.(22)
becomes

τpert = f(Fr)A

(

h

H0

+ B∂xh

)

(26)

and the stress on the bed surface is then

τ = τ0 (1 + τpert) (27)

where τ0 is the shear stress on a flat bed (basic state).
For a particular bedform, Eq.(26) gives the perturbation of the shear

stress. A rapid examination in Eq.(26) informs about the phase shift between
the shear stress perturbation and the bedform. Not considering f(Fr) in
Eq.(26), the equation is composed of a symmetric term A h

H0

and of an anti-
symmetric term AB∂xh with respect to the bedform. As A = O(1) and
B = O(0.1), the combined effect of these two terms is to cause a small
upstream phase shift of the the shear stress with respect to the bedform.

A stronger effect on the phase shift can be caused by the term f(Fr).
When 0 < Fr < 1, f(Fr) > 0 and there is no contribution of f(Fr) to
shift the phase. In this case, τpert is slightly shifted upstream the bedform,
so that the fluid flow is an unstable mechanism. When Fr > 1, f(Fr) < 0
and f(Fr) causes a 180o phase shift. In this case, τpert is almost in phase
opposition with respect to h, having a small upstream contribution (due to
the anti-symmetric term), so that the fluid flow is a stable mechanism. When
Fr = 1, there is a singularity in f(Fr), and τpert cannot be determined.
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Figure 2: Longitudinal evolution of the perturbation of the shear stress τpert, for different
Froude Numbers Fr. The symbols ♦, ©, � and ∗ correspond to Fr = 0.5, Fr = 0.7,
Fr = 1.3 and Fr = 1.5, respectively. The continuous line corresponds to the normalized
bedform h/H0.

As an example, the perturbation of the shear stress τpert caused by a Gaus-
sian bedform was computed employing Eq.(26) for different Froude numbers
Fr and is shown in Fig. 2. In this figure, the aspect ratio of the bedform
is hmax/(4L) = 0.1, and the normalized bedform h/H0 is also shown. The
stronger contribution to the phase shift is seen to be given by the flow regime.

The shear stress τ may be computed by Eq.(27). Figure 3 presents the
shear stress τ on the bed surface for the same bedform of Fig. 2, for different
Froude Numbers Fr. The shear stress on a flat bed was evaluated as τ0 =
ρu2

∗,0, where u∗,0 is the shear velocity over a flat bed. The shear velocity u∗,0

was computed by employing friction factor correlations for two-dimensional
open-channel flows [35].

At Fr = 1, the term f(Fr) in Eq.(26) presents a singularity. At this
singularity and in its vicinity, as shown in Fig. 4, it is impossible to predict
τpert due to the different limits of f(Fr) (−∞ or +∞ depending on the
direction the limit is taken). For this reason, the behavior at Fr = 1 is not
discussed here, instead we discuss the transition from 0 < Fr < 1 to Fr > 1.
In the vicinity of Fr = 1, between 0.9 < Fr < 1.1, the strong variations of
f(Fr) give abnormal strong amplitudes for the shear stress perturbation.

In subcritical regime 0 < Fr < 1, the maximum of the shear stress on the
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Figure 3: Longitudinal evolution of the normalized shear stress τ/τmax, for different Froude
Numbers Fr, where τmax is the maximum of the shear stress. The symbols ♦, ©, � and
∗ correspond to Fr = 0.5, Fr = 0.7, Fr = 1.3 and Fr = 1.5, respectively. The continuous
line corresponds to a normalized bedform h/hmax, where hmax is the maximum height of
the bedform.
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Figure 4: f(Fr) in the vicinity of the singularity Fr = 1. The ordinate was limited to the
range −250 to +250.
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bed occurs upstream the maximum of the bedform, so that the fluid flow will
be always an unstable mechanism. This shift is due to the anti-symmetric
term of Eq.(26), which has a negligible variation with the flow conditions
(Eq.25). As discussed briefly in the Introduction section, and in [4] in more
detail, provided that the upstream phase shift of the fluid flow is larger than
the downstream phase shift of the relaxation effects of the granular transport,
the bed is unstable and bedforms tend to grow. For bedforms larger than
the ripple length-scale, such as dunes, the phase shift of the fluid flow is the
greater (if the fluid is a liquid) and bedforms will grow.

In supercritical regime Fr > 1, the phase shift between the shear stress
and the bedform is 180o minus the shift caused by the the anti-symmetric
term of Eq.(26). In this case, the fluid flow will be always a stable mechanism.
As the fluid flow is strongly shifted downstream, the bed is then stable.

4.4. The celerity of dunes

The celerity of dunes can be estimated in a simple manner by employing a
simplified transport model for the grains together with the mass conservation
applied to the granular bed (Eq. 28)

∂th+ ∂xq = 0 (28)

where q is bed-load flow rate by unit of width. Considering that the shear
stress on the bed is proportional to the square of the mean velocity (which is
equivalent to employ a friction factor), and approximating the bed-load flow
rate by Eq. (29)

qsat
Qsat

= (1 + τpert)
3/2 (29)

where qsat is the saturated volumetric flow rate of grains by unit of width,
we may write the bed-load flow rate (by unit of width) as q ≈ C1U

3, where
C1 is a constant. In this case

∂h

∂t
+ c0

∂h

∂x
= 0 (30)

where

c0 ≈ −3C1U
2U0

H0

1

Fr2 − 1
(31)
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Equation (30) is an advection equation for the bedform, with celerity c0.
When c0 > 0, the bedforms interacting with the free surface are called dunes,
and when c0 < 0 these forms are called anti-dunes. [3].

5. Discussion

The free surface effects described in the previous section, together with
the formation of ripples given by the linear analysis of [4] and with the
evolution of ripples given by the nonlinear analysis of [10], form a simple and
complete picture for the formation of dunes in rivers.

Considering as initial condition a flat river bed, ripples will grow as a
primary instability that can be predicted by [4]. The linear analysis of [4]
predicts that the length of ripples scales as λmax ∼ Lsat (the length of ripples
can be computed by Eq.(2)), where Lsat =

u∗

Us
d is a distance called “saturation

length”. From the proposed scaling, besides its dependence on the grains
diameter d, the length-scale of ripples depends also on the conditions of the
water stream. Concerning their celerity, it also scales with Lsat, and can be
predicted by Eq.(4).

After their initial (and exponential) growth, the ripples have their growth
rate attenuated and reach eventually a finite size. This can be predicted by
the nonlinear analysis of [10], that was modified in section 3.

The ripples are displaced by the fluid flow and, as their celerity is inversely
proportional to their size [4], they interact and coalescence may occur. The
proposition of [15] that the time scale for the coalescence of ripples is much
smaller than the time scale for the direct formation of dunes as a primary
instability is adopted here. This allows the determination of the scales of
dunes by considering the stability effects caused by the free surface.

In this work a simple model was used to capture the free surface effects.
The water stream over a dune was divided in two regions: an outer region
where the fluid flow perturbations (by the bedform) are essentially potential;
and an inner region where the turbulent shear stresses need to be taken into
account. A simple solution based on the Bernoulli equation was found for
the outer region, which was then matched with an inner solution adapted
from [7]. As the bed instability is directly related to the shear stress caused
by the fluid flow, the obtained expressions for the perturbation concern the
shear stress on the bed (Eqs.26 and 27). With regard to the celerity of dunes
and anti-dunes, an advection equation (Eq.30) was obtained by employing a
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simplified transport model for the grains together with the mass conservation
applied to the granular bed.

The examination of Eq.(26) at subcritical regime (0 < Fr < 1) shows that
the bedforms are unstable, tending to increase in size. This is consistent with
the potential analysis of the problem (which is equivalent to consider only
the outer region). From Eqs.(16) and (17), η < 0 and U > U0, meaning that
the free surface above the bedform is a trough: the surface gravity waves
are 180o out-of-phase with respect to the bedforms and the maximum of the
fluid velocity is around the crest, with an upstream out-of-phase component
which is only captured when the inner region is considered. Also, in this
case c0 > 0, so that the bedforms have a downstream celerity and are usually
called dunes [3].

At supercritical regime (Fr > 1), Eq.(26) shows that the bedforms are
stable, tending to decrease in size. This is also consistent with the potential
analysis of the problem. From Eqs.(16) and (17), η > 0 and U < U0, meaning
that the free surface above the bedform is a bump: the surface gravity waves
are in phase with respect to the bedforms and the minimum of the fluid
velocity is around the crest, with an out-of-phase component which is only
captured when the inner region is considered. Also, in this case c0 < 0, so
that the bedforms have an upstream celerity and are usually called anti-dunes
[3].

The analysis of the flow at subcritical and supercritical regimes shows
that the bedforms are unstable when 0 < Fr < 1 and stable when Fr > 1,
so that the size of the dunes is determined by the condition Fr ≈ 1 and
their wavelength scales with H0. If we consider that 0.1H0 < hmax < H0,
then the length-scale of dunes is H0 < λdunes < 10H0, which is in agreement
with the observed river dunes [36, 37, 38, 39]. The interaction between the
surface waves and the bedforms bounds the length-scale of dunes: dunes
grow in subcritical regime as a result of ripples coalescence until their size
approaches the regime transition (Fr = 1). Then, the water stream becomes
a stable mechanism and limits the size of dunes.

In the vicinity of the transition from subcritical to supercritical, the so-
lutions diverge due the singularity of Eq.(26) (at Fr = 1), and the strong
amplitudes predicted for the shear stress perturbations are probably overes-
timated. This is a drawback of the model, principally because the anti-dunes
are usually observed when Fr ≈ 1. The present model predicts that the
anti-dunes would decrease as soon as Fr > 1, until 0 < Fr < 1 is reached,
becoming then dunes. However, the formation of anti-dunes is still an open
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question and they are in many instances the result of sudden changes in the
water stream. Then, for steady-state water streams the present model can
be used to describe the formation of dunes from the coalescence of ripples.

6. CONCLUSION

This paper presented a complete and simple model able to predict the
formation and the evolution of sand patterns observed in rivers and in open-
channels. In particular, the saturation of the amplitude of ripples, not ex-
plained in previous models, was included in the present one. Based on previ-
ous works [17, 4, 10, 15], it was argued here that ripples are a primary linear
instability, which saturates with the same wavelength predicted by the linear
analysis, and that dunes are a secondary instability. In order to obtain the
length-scale of dunes, a simplified model was proposed in which the coales-
cence of saturated ripples is the unstable mechanism, while the fluid flow,
influenced by the free surface, is the stable mechanism. The proposed model
retains only the terms and equations essentials to understand the problem
and is able to predict the length-scale and the celerity of both ripples and
dunes.
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