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Abstract. This paper is devoted to analytical solutions for the base flow and temporal stability of a liquid
film driven by gravity over an inclined plane when the fluid rheology is given by the Carreau-Yasuda model,
a general description that applies to different types of fluids. In order to obtain the base state and critical conditions for the onset of instabilities, two sets of asymptotic expansions are proposed, from which it is possible
to find four new equations describing the reference flow and the phase speed and growth rate of instabilities.
These results lead to an equation for the critical Reynolds number, which dictates the conditions for the onset
of the instabilities of a falling film. Different from previous works, this paper presents asymptotic solutions
for the growth rate, wavelength and celerity of instabilities obtained without supposing a priori the exact fluid
rheology, being, therefore, valid for different kinds of fluids. Our findings represent a significant step toward
understanding the stability of gravitational flows of non-Newtonian fluids.
This is a pre-print of an article published in Zeitschrift für angewandte Mathematik und Physik, 71,
122(2020). The final authenticated version is available online at: https://doi.org/10.1007/s00033-02001349-x
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1. Introduction
The study of gravity-driven flows of liquids and suspensions has been the object of interest of many authors
through the last decades, not only because of practical engineering applications, such as friction-reducing effects, reactor cooling or coating processes, but also because of different geophysical flows such as mud, glaciers
and lava flows. In the case of Newtonian fluids, this class of problems has been extensively studied for almost
a century. Among the first studies, Kapitza and Kapitza [1, 2] carried out experimental and analytical investigations of Newtonian films flowing in the presence of a vertical wall. Over the last decades, several authors
studied falling films by using asymptotic approaches for long and short waves [3, 4, 5, 6], while others carried
out numerical investigations in order to increase accuracy and obtain new results [7, 8]. These works established
the foundations of the stability analysis of gravity-driven flows of Newtonian films. However, the rheological
behavior of a wide class of fluids cannot be properly described by the Newtonian constitutive equation. To overcome this difficulty, it is possible to use a generalized Newtonian fluid, for which the viscosity η is a function
of the shear rate γ̇ . This class of fluids satisfies the following constitutive equation [9, 10]:

τ = η (γ̇ )γ̇

(1)

where η (γ̇ ) is a scalar function and γ̇ = |γ̇ |. To describe the viscosity behavior, there are different models
according to the considered fluid, some examples being the power-law [11], Bingham [12] and Cross (Carreau)
[13] fluids. For the modeling of a liquid layer in the presence of free surface, the Carreau model is usually
considered appropriate because it predicts that the viscosity remains finite while the shear rate approaches
zero. However, some authors have preferred a power-law model for the same kind of problem [14, 15, 16].
In this work, we use the Carreau-Yasuda model [17], which is a more general model compared to others,
encompassing, for instance, the power-law and Carreau models. The viscosity in the Carreau-Yasuda model is
given by Eq. (2),

η (γ̇ ) = η∞ + (η0 − η∞ )[1 + (γ̇λ )a ]

n−1
a

(2)

where, concerning the behavior of viscosity with respect to the applied shear rate, the parameter a controls the
shape of the transition region between the zero-shear-rate plateau and the rapidly decreasing (power-law-like)
region, parameter λ determines the values of the shear rate at which transitions occur from the zero-shear-rate
plateau to power-law region and from the power-law region to that where η = η∞ , and exponent n governs the
inclination of the rapidly decreasing portion of the η curve [9]. In this model, the viscosity tends to η∞ as the
shear rate γ̇ becomes larger, and when the shear rate gets smaller the viscosity tends to η0 . The previous works
on now-Newtonian stability using this model fixed the values of some of its parameters [18, 19, 20], limiting the
validity of the obtained results. In another way, by considering the parameters variable (mainly a), the problem
becomes mathematically more difficult, but more general. Different from previous works, this paper presents
asymptotic solutions for the growth rate, wavelength and celerity of instabilities obtained without fixing values
for a, λ or n, being, therefore, valid for different kinds of fluids.

F IGURE 1. Layout of the falling film over an inclined plane. The main parameters are shown
in the figure.
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In this study, we consider as base state a two-dimensional flow of a liquid film driven by gravity over an
inclined plane with slope angle θ , the amplitude of the film undulations being ξ̂ . Fig. 1 presents a layout of the
problem and the involved parameters. For Newtonian fluids, it is possible to apply the result of Squire’s theorem
[21], even for free-surface [22] and stratified flows [23]. Gupta and Rai [24], making use of the Rivlin-Ericknen
model to describe a visco-elastic fluid, showed that under certain circumstances the Squire’s Theorem would
not be valid for non-Newtonian fluids. However, Nouar et al. [18], by considering the Carreau model, found
that the two-dimensional instabilities are dominant even for non-Newtonian fluids, so that the Squire’s Theorem
would be valid. Therefore, we consider in the following that the Squire’s Theorem is valid for non-Newtonian
fluids and two-dimensional perturbations are dominant. The governing equations are the mass and momentum
equations, given in dimensionless form by Eqs (3) and (4)–(5), respectively,

∂u ∂v
+
=0
(3)
∂x ∂y


1
1 ∂ τ xx ∂ τ xy
∂u
∂u
∂u
∂p
+ 2
(4)
+u +v
=−
+
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where the dimensionless stress tensor components, viscosity, and shear rate are given by Eqs. (6), (7) and (8),
respectively. The other dimensionless quantities are given in Eq. (9),
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where x and y are the longitudinal and normal coordinates, u and v are the longitudinal and normal velocity
components, t is the time, p is the pressure, Q is the volumetric flow rate by unit of width, I is the ratio
between the largest and smallest viscosities, L is a dimensionless relaxation time, and ρ is the fluid density. The
characteristic scale is the film thickness of the reference flow, hs , given by Eq. (10) [19],
1
3
η0 Q
ρ g sin(θ )
and the pertinent dimensionless groups are the Reynolds and Froude numbers, defined in Eq. (11).
s
s


ρQ
Q2
Q2
,
(Re, Frx , Fry ) =
,
η0
gh3s sin(θ )
gh3s cos(θ )
hs =



(10)

(11)

The base flow is parallel and steady, and the base velocity profile u = U is a function of y only, the
normal component of the velocity being equal to zero. The pressure gradient in the x-direction is also zero.
The boundary conditions are no-slip at the wall (y = h) and zero shear at the free surface (y = 0). Under these
considerations,
U(y) = 0 at y = h


  n−1 


dU a a dU
= −y f or y ∈ [0; h]
I + (1 − I) 1 + L
dy
dy

(12)

(13)
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where h = h/hs . A final relation is obtained by considering the dimensionless flow rate equal to unity. Therefore,
Z h

Udy = 1

(14)

0

Eqs. (12), (13) and (14) establish a nonlinear problem for the velocity profile and the film thickness. There
is no analytical solution in the general case for this system.

2. Temporal stability analysis
In order to study the linear stability of the flow, we make use of small perturbations (dimensionless) for the
velocity (û, v̂) and pressure (P̂), together with the interface disturbance (ξ̂ ), and neglect all terms O(ε 2 ), where
O(ε ) = O(û, v̂, P̂) and the symbol O refers to the asymptotic order [25]. Since we consider two-dimensional
disturbances, a stream function Ψ̂, given by Eq. (15), can be used.


∂ Ψ̂ ∂ Ψ̂
(û, v̂) =
(15)
,−
∂y
∂x
The normal modes for the stream function and interface fluctuation are given by Eqs. (16) and (17),
Ψ̂(x, y,t) = Ψ̃(y)eiα (x−ct)

(16)

ξ̂ (x,t) = ξ̃ eiα (x−ct)
(17)
where α = khs ∈ R, k corresponding to the wave number, and c = ω hs k−1 Q−1 ∈ C, ω being the complex
frequency. Inserting Eqs. (16) and (17) into Eqs.(3) to (6), we find the Orr-Sommerfeld equation for the CarreauYasuda model,
(D2 + α 2 )[D2 ε + 2Dε D + ε (D2 + α 2 )]Ψ̃ − 4α 2 D(η DΨ̃) =

where

Dj

=

∂j
∂yj

= iα Re[(U − c)(D2 − α 2 ) − D2U]Ψ̃

(18)

and ε is found by inserting Eq.(15) into Eq.(8), leading to



 

  n−a−1
∂U a
∂U a a
ε = I + (1 − I) 1 + n L
1+ L
∂y
∂y
The no-slip condition at the solid boundary is given by Eqs. (20) and (21).
DΨ̃ = 0 at y = h

(19)

(20)

(21)
Ψ̃ = 0 at y = h
The boundary conditions at the free surface are the kinematic condition, which represents the impermeability of the interface, and two dynamic conditions, that are related to the continuity of the tangential
and normal stresses at the interface, representing the viscous effect and Laplace-Young equation, respectively.
Combining these three conditions, we find the free-surface conditions,
[1 + (U − c)(D2 + α 2 )]Ψ̃ = 0 at y = 0

(22)

iα Re[(c −U)D + DU]Ψ̃ − 4α 2 η DΨ̃+



α2
+(D + α ) Dε + ε D + iαε cot(θ ) +
Ψ̃ = 0 at y = 0
Wem
2

2

(23)
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where Wem = η0 Q(hs γ )−1 is a modified Weber number. The system consisting of Eqs.(18) to (23) forms a
generalized eigenvalue problem, from which we find the celerity c and wave number α .

3. Asymptotic solutions for a Carreau-Yasuda fluid
3.1. Base flow and film thickness
We find next an asymptotic solution for the base flow by considering the limit case for small non-Newtonian
behavior when L tends to zero. We write the solutions for the velocity profile and film thickness as exponential
expansions given by Eqs. (24) and (25), respectively,
U(y) = U 0 +U 1 La + O(Lm ) with m > a

(24)

h = h0 + h1 La + O(Lm ) with m > a
(25)
0
and insert them into the system consisting of Eqs. (12) to (14). For the zeroth order, O(L ), we obtain Eqs. (26)
to (28).
U 0 = 0 at y = h0


(26)



  n−1 
dU 0 a a dU 0
I + (1 − I) 1 + L
= −y
dy
dy
Z h0
0

U 0 dy = 1

(27)
(28)

In order to solve the above system, it is necessary to neglect any term equal or above O(La ), and afterward
integrate Eq.(27) by considering Eq.(26). The result is then inserted into Eq.(28), and this procedure leads to
the solution for O(L0 ), given by Eqs. (29) and (30).
2

(h0 − y2 )
2
√
3
h0 = 3
Proceeding next with the terms of O(La ), we obtain the system consisting of Eqs. (31) to (33),
U 0 (y) =

(29)
(30)

U 0 +U 1 La = 0 at y = h0 + h1 La

(31)

a  n−1 




a
dU 0 dU 1 a
dU 0
a+1 dU 1
+L
+
L = −y
I + (1 − I) 1 + L
dy
dy
dy
dy

(32)

Z h0 +h1 La
0

(U 0 +U 1 La d)y = 1

(33)

and, following the same procedure used for the O(L0 ) terms, we find
a+2

U 1 (y) =

(−1)a (1 − I)(1 − n)(h0
a(a + 2)

− ya+2 )
a+1

+ h0 h1

(34)

(−1)a+1 (1 − I)(1 − n)h0
(35)
a(a + 3)
Combining Eqs. (29) and (34) with Eq.(24), and Eqs. (30) and (35) with Eq.(25), yields the asymptotic
solution for the velocity profile and film thickness of the base state for a small non-Newtonian behavior. These
equations are a generalization of the solution presented by Weinstein [19], which is a special case for a = 2
h1 =
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(for a =2, Eqs.(29), (30), (34) and (35) become exactly the same as Eqs. (A3a), (A3b), (A4a) and (A4b) of Ref.
[19]).
3.2. Perturbations and marginal stability
We present next the zeroth and first order solutions for long-wavelength instabilities, obtained by expanding Ψ
and c as power series of the wavenumber α , with α → 0,
Ψ̃ = Ψ̃0 + α Ψ̃1 + O(α 2 )

(36)

(37)
c = c0 + α c1 + O(α 2 )
and inserting Eqs. (36) and (37) into Eqs. (18), (20)-(23). By considering that Ψ̃ = 1 at y = 0 at the zeroth order,
Ψ̃ = 0 at y = 0 at the first order [20], and by using Eqs. (29), (30), (34) and (35), we obtain the zeroth and first
order solutions. The zeroth order solution is given by solving Eqs. (38)-(43).

ε D4 Ψ̃0 + 2Dε D3 Ψ̃0 + D2 ε D2 Ψ̃0 = 0

(38)

DΨ̃0 = 0 at y = h

(39)

Ψ̃0 = 0 at y = h

(40)

D3 Ψ̃0 = 0 at y = 0

(41)

Ψ̃0 = 1 at y = 0

(42)

(43)
Ψ̃0 + (U − c0 )D2 Ψ̃0 = 0 at y = 0
A Mathematica script was written in the course of this work to solve Eq. (38) with its boundary conditions
(Eqs. (39)-(43)), as well as first order equations (Eqs. (45)-(50), presented next), and it is available on Mendeley
Data [26]. The output for the zeroth order is given by Eq. (44).
a+2
3

(a + 1)(I − 1)(n − 1)La
(44)
a(a + 3)
The first order solution is obtained by solving Eq. (45) with its boundary conditions (Eqs. (46)-(50)), and
it is given by Eq. (51).
2

c0 = 3 3 +

(−1)a 3

ε D4 Ψ̃1 + 2Dε D3 Ψ̃1 + D2 ε D2 Ψ̃1 = iRe[(U − c0 )D2 Ψ̃0 − Ψ̃0 D2U]

(45)

DΨ̃1 = 0 at y = h

(46)

Ψ̃1 = 0 at y = h

(47)

D3 Ψ̃1 + i{Re[(c0 −U)DΨ̃0 + Ψ̃0 DU] + cot(θ )D2 Ψ̃0 } = 0 at y = 0

(48)

Ψ̃1 = 0 at y = 0

(49)

Ψ̃1 + (U − c0 )D2 Ψ̃1 − c1 D2 Ψ̃0 = 0 at y = 0

(50)

c1 =

i[6Re − 5 cot(θ )]
+
5
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i(−1)a 3

a+3
3

(I − 1)(n − 1)La {2[15 + a(6a + 37)]Re − 5a(a + 5) cot(θ )}
5a(a + 3)(a + 5)

7

(51)

The initial stability of a falling film of a general liquid described by the Carreau-Yasuda model is determined by Eqs. (44) and (51), which are generalizations of the solutions proposed by Rousset et al. [20] for the
especial case where a = 2 (for a = 2, Eqs. (44) and (51) become exactly the same as Eqs. (42) and (49) of Ref.
[20]). The critical Reynolds number at the onset of instability is given by Eq. (52), obtained by considering
ci = α c1 = 0.
Recr =



a
5 cot(θ )
(−1)a+1 3 3 [15 + a(3a + 22)](I − 1)(n − 1)La
1+
6
a(a + 3)(a + 5)

(52)

For a = 2, Eq.(52) becomes exactly the same as Eq. (50) of Rousset et al. [20].

4. Results
The main novelty of our solution is that it is valid for any fluid obeying the Carreau-Yasuda model, without any
supposition made a priori on the specific kind of fluid. For this reason, we focus the following analysis on the
parameter a, its continuous variation being impossible to attain by using solutions of previous studies found
in the literature, but now achievable with the proposed solution. Because some values of a lead to complex
solutions, we considered only their real part in the cases analyzed in this paper. Besides the graphics presented
next, other graphics are available as Supplementary Material [27] and Matlab scripts for plotting the graphics
are available on Mendeley Data [26].
Our comprehensive solution was compared with particular solutions found in the literature [19, 20], and
the agreement was excellent. Graphics showing direct comparisons between our solution and that of Rousset et
al. [20] for a = 2, n = 0.8 and L = 0.5 (small non-Newtonian behavior) are available as Supplementary Material
[27]. However, different from previous studies, we can now analyze the flow behavior continuously through
different types of fluids.
Part of the non-Newtonian fluids described by the Carreau-Yasuda model are in the range 1 < a < 7,
some examples being found in Refs. [28, 29, 30]. We present next the critical conditions for the appearance of
film instabilities by varying the parameters a between 1 and 10 and n between 0 and 1, which corresponds to a
progressive variation from shear-thinning to Newtonian flows.
Fig. 2 presents the film thickness h of the base flow as a function of n and a, for fixed I and L. In this
case, our results show that the film thickness increases as the fluid rheology acquires an increasing level of
shear-thinning characteristics (a → 1 and n → 0). For this specific analysis, the increase in the film thickness
with increasing shear-thinning characteristics is due to their higher viscosities for fixed I and L values (as would
happen if a high-viscosity shear-thinning fluid and a low-viscosity Newtonian fluid were let to flow on the same
inclined plane and their thickness compared). This increase is monotonic with n and non-monotonic with a.
Fig. 3 shows the critical Reynolds number Recr as a function of the slope angle θ and a for a shearthinning fluid, investigating further the shear-thinning behavior. From this figure, we observe that the critical
Reynolds number decreases with the slope angle, just as happens in the Newtonian case, and that it varies nonmonotonically as the fluid rheology tends to stronger shear-thinning characteristics (a → 1). As the value of a
increases further than 7, the shear-thinning effects gradually loose their relevance and the fluid rheology tends
to a Newtonian behavior. It is remarkable that fluids with rheology given by a → 1 are the most stable, while the
Cross (or Carreau) fluids, which have a = 2, are the most unstable of shear-thinning fluids: surface waves appear
earlier and travel faster for Cross fluids, since in this configuration the liquid film is thinner and surface velocity
higher, the opposite happening for a = 1. Those features, observed from continuous variation from Newtonian
to shear-thinning fluids, are shown here for the first time. However, the reasons for the non-monotonic behavior
of shear-thinning fluids rest to be investigated further.
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F IGURE 2. Film thickness h as a function of the parameters n and a for a shear-thinning fluid
with L = 0.4 and I = 0.5.

F IGURE 3. Critical Reynolds number Recr as a function of the slope angle θ and a for a
shear-thinning fluid with I = n = 0.5 and L = 0.4.

5. Conclusion
This paper presented an analytical solution for the instabilities of gravity-driven flows of liquid films without fixing a priori the type of fluid. Different from previous analytical solutions found in the literature, the
obtained solution is comprehensive, being valid for fluids as diverse as Newtonian, shear thinning and shear
thickening. The base state and perturbations were obtained based on asymptotic expansions, from which the
critical conditions at the onset of instability were deduced. Our comprehensive solution was compared with
particular solutions found in the literature, and the agreement was excellent, with the difference that now we
can analyze the flow behavior continuously through different types of fluids. We investigated the critical conditions for the appearance of film instabilities by varying the parameters a between 1 and 10 and n between 0
and 1, which corresponds to a progressive variation from shear-thinning to Newtoninan flows. Our results have
shown that, for fixed I and L, the film thickness increases as the fluid rheology acquires an increasing level
of shear-thinning characteristics. This increase is monotonic with n and non-monotonic with a. Investigating
further the shear-thinning behavior, we observed that the critical Reynolds number decreases with the slope
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angle, just as happens in the Newtonian case, that it varies non-monotonically as the fluid rheology tends to
stronger shear-thinning characteristics, and that Carreau fluids are the most unstable of shear-thinning fluids.
Our findings represent a significant step toward computing and understanding the behavior of liquid films of
non-Newtonian fluids.
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