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We investigate the motion of groups of intruders in a two-dimensional granular system by

using discrete numerical simulations. By imposing either a constant velocity or a thrusting

force on larger disks (intruders) that move within smaller ones (grains), we obtained instan-

taneous positions and components of forces for each intruder and grain. We found that (i)

intruders cooperate even when at relatively large distances from each other; (ii) the coop-

erative dynamics is the result of contact chains linking the intruders as well as compaction

and expansion of the granular medium in front and behind, respectively, each intruder;

(iii) the collaborative behavior depends on the initial arrangement of intruders; and (iv) for

some initial arrangements, the same spatial configuration is eventually reached. Finally, we

show the existence of an optimal distance for minimum drag for a given set of intruders,

which can prove useful for devices stirring the ground or other granular surfaces.
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I. INTRODUCTION

From the fast penetration of solid bodies in the ground (such as asteroids colliding with moons

and planets) to the slower motion of animals and machines within grains (worms, insects and

plows, for example), the displacement of solid objects (intruders) in a granular medium is frequent

on Earth and other celestial bodies. When the velocities involved are relatively small, the motion

of grains is dominated by solid-solid friction and intermittent contact chains1–8, this regime being

called quasistatic. For higher velocities, a dense regime appears, where grains flow in a more

continuous manner, but still subject to friction and contact chains, in addition to collisions. For

still higher velocities, a dilute regime appears, in which solid-solid collisions dominate9.

When the intruder’s displacement promotes the quasistatic motion of grains, contact chains

appear and collapse successively, forming a time-varying contact network that percolates forces

within the granular medium. This intermittent network implies history dependence in the stress

distribution, with the occurrence of local anisotropy, local packing variations, and jamming and

unjamming regions as the contact chains persist or fail, respectively10–16. On the intruder, it causes

a strongly oscillating drag force1,8,17. Therefore, the problem is intricate even in the case of a single

intruder.

Given the problem complexity, most of previous studies were devoted to the motion of one

intruder within a granular medium1,3,4,7,8,17–22, in general using two-dimensional systems, and,

although using relatively simple setups, they brought important insights into the problem. For

example, Kolb et al.1 and Seguin et al.17 investigated experimentally the dynamics of a granular

medium consisting of disks being displaced by an intruder. They found compaction and expansion

in front and behind the intruder, respectively, that jamming can occur in compacted regions, and

that the drag force on the intruder presents strong fluctuations as contact chains successively form

and collapse. In addition, Seguin et al.17 computed the macroscopic friction coefficient µ and

showed that it depends on the azimuthal direction (and, therefore, a nonlocal rheology seems nec-

essary in continuum models). Kozlowski et al.3 and Carlevaro et al.4 investigated experimentally

and numerically the motion of an intruder driven by a loaded spring within a bidimensional granu-

lar medium, and were particularly interested in the effects of the packing fraction and interparticle

and basal frictions. They showed that in the presence of basal friction there are two regimes: an

intermittent regime at low particle fractions, in which the intruder moves freely between clogging

events, and a stick-slip regime, in which the intruder alternates fast slip events with creeping over
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long times. They showed also that in the absence of basal friction only the intermittent regime

is observed, and that the intermittent to stick-slip transition is affected by the dynamic coefficient

of basal friction while it is roughly independent of the static coefficient. Later, Pugnaloni et al.7

showed that the stick-slip dynamics depends only on the sizes involved, being independent of fric-

tion coefficients, and proposed a model for the energy released by the spring as a function of the

packing fraction. Tripura et al.23 studied numerically how a two-dimensional granular medium

consisting of single and pairs of disks (dumbbells) behaves when displaced by a larger intruder

(single disk). They found that the drag force on the intruder increases with the proportion of

dumbbells in the system, that the additional resistance caused by dumbbells is negligible when the

microscopic friction is set to zero, and that the stress propagated in front of the intruder increases

with its diameter. The problem was inquired further by Kozlowski et al.5,6, who measured the

effects of grain angularity on the stress propagation and stick-slip dynamics, showing that angular

grains resist to motion under lower packing fractions and have higher shear strengths. Recently8,

we investigated numerically the motion of an intruder within a two-dimensional granular medium

using a setup similar to that of Ref.17. Among other findings, we showed that the contact network

can be divided into a network carrying strong forces from the intruder toward the walls (bearing

network) and another one carrying weak forces (dissipative network), that the force network can

reach regions far downstream of the intruder, and that grains within the bearing chains creep while

the chains break. The latter result explains how the load chains break and allow the intruder to

proceed with its motion.

There are fewer studies concerning groups of intruders, most of them for intruders moving

vertically in a light granular medium24–29 (those where the material density of grains is much

lower than that of the intruder), corresponding thus to gravity-packed systems. Pacheco-Vázquez

and Ruiz-Suárez24 investigated the sinking of sets of intruders impacting a low-density granular

system, and showed the existence of a cooperative dynamics. For a pair of intruders initially

side by side, they found that they first repel at the impact and afterward attract each other (in

the horizontal plane, transverse to their motion). While they explained the initial repulsion by

an increase in the granular pressure between the intruders and the attraction by a Bernoulli-like

mechanism, Dhiman et al.26 proposed an explanation based on the formation and collapse of

contact chains. For a number of intruders slightly larger (five, for instance) placed initially side

by side, Pacheco-Vázquez and Ruiz-Suárez24 showed that they assume upward and downward

convex configurations in succession, depending on the initial intruder-intruder separation (above
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a certain value they fall in parallel). They explained this behavior based on a sequential increase

and decrease of the drag on the central intruders caused by the compaction and expansion of

the bed, respectively. Finally, they showed that the intruders always finish horizontally aligned,

irrespective of their number, initial configuration (vertical, horizontal or grouped distributions of

intruders), sizes and densities, which they explained by the compaction-expansion mechanism.

Later, Solano-Altamirano et al.25 investigated the attractive and repulsive forces acting on a

pair of intruders sinking in a granular bed (following impact). They found that the initial repulsion

exists only when the separation between intruders is less than 6 grain diameters and attraction

when the separation is less than 5-6 times the intruder diameter and sinking velocities higher than

1 m/s. They proposed that repulsion is due to granular jamming in the region between the in-

truders while attraction is caused by high velocities of grains in that region (Bernoulli-like effect).

Merceron et al.30 investigated a similar problem, but for pairs of intruders driven upwards in a

confined granular system. They found that there is a characteristic separation between intruders

for which the dynamics of grains in front of one intruder is affected by the other, and that this

characteristic length is roughly independent of the intruder size. For a pair of side-by-side sinking

intruders, Dhiman et al.26 found the existence of a separation for maximum attraction, and also

an equilibrium separation for which neither attraction nor repulsion occur. Pravin et al.28 showed

that the work used in the vertical displacement of a pair of rods within a granular bed varies with

their separation, a maximum value existing for a separation of 3 grain diameters. The work then

decreases for larger separations until a distance of 11 grain diameters is reached (beyond this dis-

tance there exists a plateau). However, they also found that, for larger intruder sizes, the peak in

work is reached at larger separations. In common, all those studies hint to attraction and repulsion

mechanisms that favor collaborative behaviors, and optimal distances that reduce drag.

Even though the cooperative behavior of intruders was evinced and its mechanisms explained

in previous works, many aspects remain open, such as the forced motion of intruders in the hori-

zontal direction, and the roles of friction, mean packing fraction and contact chains on the overall

dynamics. In this paper, we investigate numerically how a group of intruders interact with each

other while moving horizontally in a two-dimensional granular system. The numerical setup con-

sists of two or three larger disks (intruders) driven either at constant speed or thrusting force within

an assembly of smaller disks (grains) confined in a rectangular cell. As in Ref.8, the disks are 3D

objects (low height cylinders) sliding over a flat surface with both static and dynamic coefficients

of friction, and we made use of the open-source code LIGGGHTS31,32 with the DESIgn toolbox33
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to carry out DEM (discrete element method) computations. We show that (i) intruders cooperate

even when at relatively large distances from each other; (ii) the cooperative dynamics is the re-

sult of contact chains linking the intruders as well as compaction and expansion of the granular

medium in front and behind, respectively, each intruder; (iii) the collaborative behavior depends

on the initial arrangement of intruders; and (iv) for some initial arrangements, the same spatial

configuration is eventually reached. We propose a chart for the collaborative patterns, and we

show the existence of an optimal distance for minimum drag for a given set of intruders, which

can prove useful for devices stirring the ground or other granular surfaces.

In the following, Sec. II presents the model equations, Sec. III the numerical setup, and Sec.

IV the results for intruders driven either at constant velocity or thrusting force. Finally, Sec. V

presents the conclusions.

II. MODEL DESCRIPTION

We carried out DEM34 simulations using the open-source code LIGGGHTS31,32 with the DE-

SIgn toolbox33. The simulations consisted basically in computing the linear (Eq. (1)) and angular

(Eq. (2)) momentum equations for disks experiencing friction with the bottom and lateral walls

and between them (the top wall was absent). For that, we implemented the static and dynamic

frictions between the disks and the bottom wall (basal friction) in the DESIgn toolbox, which we

modeled as in Carlevaro et al.4 and describe in Carvalho et al.8. A detailed explanation of the

model can be found in Ref.8; we provide only the essentials here.

m
du⃗
dt

= F⃗c +mg⃗ (1)

I
dω⃗

dt
= T⃗c (2)

In Eqs. (1) and (2), g⃗ is the acceleration of gravity and, for each disk, m is the mass, u⃗ is the

velocity, I is the moment of inertia, ω⃗ is the angular velocity, F⃗c is the resultant of contact forces,

given by Eq. (3), and T⃗c is the resultant of contact torques, given by Eq. (4).

F⃗c =
Nc

∑
i̸= j

(
F⃗c,i j

)
+

Nw

∑
i

(
F⃗c,iw

)
(3)
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T⃗c =
Nc

∑
i ̸= j

T⃗c,i j +
Nw

∑
i

T⃗c,iw (4)

In Eqs. (3) and (4), F⃗c,i j and F⃗c,iw are the contact forces between disks i and j and between

disk i and the wall, respectively, with the basal friction included in F⃗c,iw, T⃗c,i j is the torque due to

the tangential component of the contact force between disks i and j, T⃗c,iw is the torque due to the

tangential component of the contact force between disk i and the vertical wall, Nc - 1 is the number

of disks in contact with disk i, and Nw the number of disks in contact with the wall. Finally, the

elastic Hertz-Mindlin contact model35 is used in both F⃗c,i j and F⃗c,iw.

III. NUMERICAL SETUP

The numerical setup is similar to that of Ref.8, excepting the size of the domain, the number

of intruders, and the type of external forcing. The system consisted of an assembly of 3D disks

(grains) over a horizontal wall, confined by vertical walls, and a set of two (duo) or three (trio)

larger 3D disks (intruders) in different initial configurations. Both the grains and the intruders

had one of their flat surfaces facing the bottom wall, and the intruders moved at either constant

velocity or thrusting force among the grains. The dimensions and properties of each grain and

intruder are the same as in Refs.8,17: the intruders were of steel with diameter dint = 16 mm and

height hint = 3.6 mm, and the grains were of polyurethane (PSM-4) with height hg = 3.2 mm and

two different diameters, ds = 4 mm and dl = 5 mm, in order to prevent crystallization36. The areas

occupied by the small and large grains were roughly the same by assuring a ratio Nl/Ns ≈ 0.64

between the numbers of small (Ns) and large (Nl) disks.

The total domain varied depending on the simulation, being Lx = Ly = 0.4 m (for most sim-

ulations with two intruders) or Lx = 0.8 and Ly = 0.4 m (for all simulations with three and one

with two intruders), where Lx and Ly are the longitudinal and transverse lengths, respectively. The

domain was fixed for each simulation, so that the mean packing fraction φ remained constant in

each run, but varied within 0.70 ≤ φ ≤ 0.79 for different runs by changing the number of disks

in each simulation (the number of disks and the corresponding packing fractions are available in

the supplementary material). We imposed the intruders to move at either a constant velocity of

2.7 mm/s (in cases with two intruders) or a constant external force (thrust) of 0.8 N (in cases with

two and three intruders), and the motions were limited to the xy plane, x being the longitudinal
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and y the transverse direction. We made use of 2.7 mm/s to allow for comparisons with the exper-

iments of Seguin et al.17 (as done in Ref.8), and 0.8 N to displace the intruders in the quasistatic

regime (values slightly lower or higher would work as well). The 0.8 N thrust was imposed on

each intruder, at each time step, in the x direction. Examples of setups can be seen in Fig. 1.

a) b)

c) d)

1

2

3

1

2

3

1
2

1

2

Type I Type III

Type II Type IV

FIG. 1. Top-view images of the numerical setup for duos (d) aligned and (b) off-centered in the trans-

verse direction, and trios with one intruder (a) in front and (c) behind two intruders initially aligned in the

transverse direction. Figures (a) to (d) correspond to types I, III, II and IV, respectively. ∆x and ∆y are

the initial separations in the longitudinal and transverse directions, respectively, and the area delimited by

dashed-green lines in figure (d) is a static region of interest (ROI) used for some computations.

The intruders were placed initially in the left region of the domain, by either duos or trios with

initial separations ∆x and ∆y in the longitudinal and transverse directions, respectively, and were

afterward put into motion toward the right region. We varied the initial values of ∆x and ∆y for

different simulations, and, as the intruders were driven amid the grains, ∆x and ∆y were free to

change along time in the cases of imposed thrust. Basically, four configurations were used: (i)

one intruder in front of two intruders initially aligned in the transverse direction (Fig. 1(a)); (ii)
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one intruder behind two intruders initially aligned in the transverse direction (Fig. 1(c)); (iii) two

intruders off-centered in the transverse direction (Fig. 1(b)); and (iv) two intruders initially aligned

in the transverse direction (Fig. 1(d)). We call these configurations types I to IV, respectively. The

simulations with imposed velocity were carried out only for type IV, for different initial ∆y, but in

these cases, due to the forcing characteristics, ∆y remained constant along the time. Figure 1(d)

also shows a region of interest (ROI) delimited by dashed-green lines (fixed in space), measuring

160 mm × 160 mm (corresponding to approximately 35dg × 35dg, where dg = 4.5 mm is the

average diameter of disks) and used for computing the time-average forces on the intruders and

anisotropy within the granular system.

Values of the coefficients of restitution ε and friction µ (both static and dynamic), Young’s

modulus E and Poisson ratio ν were obtained from the literature4,37–39, and sensitivity tests vary-

ing those coefficients are available in Carvalho et al.8. We note that we used a value of E for the

steel two orders of magnitude smaller than the real one (E = 1.96 × 1011 Pa) in order to increase

the time step while keeping a reasonable accuracy in the results40. We implemented the basal fric-

tion, both static and dynamic, by defining a threshold velocity v′ = 5 × 10−4 m/s for the transition

between static and dynamic conditions. Sensitivity tests for v′ are available in Carvalho et al.8,

where we verified that the time-averaged drag force does not change considerably for v′ < 10−3

m/s. Table I summarizes the mechanical properties of objects as used in the simulations and Tab.

II the values of friction and restitution coefficients.

TABLE I. Properties of materials as used in the simulations: E is the Young’s modulus, ν is the Poisson

ratio, ρ is the material density, and d is the particle diameter.

Material E (Pa) ν ρ (kg/m3) d (mm)

Intruder Steel(1) 1.96×109 0.29 7800 dint = 16

Grains Polyurethane(1),(2) 4.14×106 0.50 1280 ds = 4; dl = 5

Walls Glass(1) 0.64×1011 0.23 2500 · · ·
(1) Hashemnia and Spelt37

(2) Gloss41

Prior to each run, the grains were randomly distributed over a space larger than the compu-

tational domain, and then compressed toward the center until filling the desired domain. Af-

terward, the grains were allowed to relax and the simulation started. This assured the desired
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TABLE II. Friction and restitution coefficients used in the numerical simulations.

Coefficient Symbol Value

Restitution coefficient (grain-grain) εgg 0.30

Restitution coefficient (grain-intruder)(2) εgi 0.70

Restitution coefficient (grain-wall)(3) εgw 0.70

Restitution coefficient (intruder-intruder)(4) εii 0.56

Dynamic friction coefficient (grain-grain)(1) µgg 1.20

Dynamic friction coefficient (grain-intruder)(2) µgi 1.80

Dynamic friction coefficient (intruder-bottom wall) µiw 0.70

Dynamic friction coefficient (grain-walls)(1) µgw 0.40

Dynamic friction coefficient (intruder-intruder) µii 0.57

Static friction coefficient (grain-bottom wall) µs,gw 0.70

(1) Carlevaro et al.4

(2) Hashemnia et al.37

(3) Gondret et al.38

(4) Zaikin et al.39

packing fraction within reasonable times (computation times for placing random grains directly

under high packing fractions are prohibitive). The simulations were carried out with a time step

∆t = 3.2×10−6 s, which was less than 10 % of the Rayleigh time42 in all simulated cases, and our

numerical computations were validated in Ref.8 by replicating some of the experimental results of

Seguin et al.17. We present next the results for groups of two or three intruders moving within the

granular system.

IV. RESULTS AND DISCUSSION

A. Duos moving at constant velocity

We present in this subsection the results for a pair of aligned intruders moving at constant

velocity V = 2.7 mm/s when φ = 0.76. For different computations, we varied the initial separation

∆y of intruders and evaluated their drag force F⃗D, the mean number of contacts per particle Z, the

number of non-rattler particles N (particles with at least two contacts), and the anisotropy level ρ
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(Z and ρ given by the fabric tensor13, please see the supplementary material for more details). We

computed also time averages of these quantities in the entire domain or by considering a moving

ROI that followed the intruders along their motion (Fig. 2(a)). In the case of drag forces, we

computed a mean value by averaging the values for both intruders. Those results are summarized

in Fig. 2.

1. Drag force on the intruders

A snapshot showing a top-view image of grains and intruders for a typical simulation is shown

in Fig.2(a), where we observe the formation of a cavity (absence of grains) behind (downstream)

each intruder in places previously visited by them (movies showing the time evolution of the

granular system as the intruders move are available in Figs. 5, 6 and 8 – Multimedia view – and

on a public repository43). The existence of a cavity downstream of a single intruder was measured

experimentally by Kolb et al.1 and Seguin et al.17 and numerically by Carvalho et al.8. The figure

also shows the region of interest around the intruders, which moves with them and is used in some

computations presented next. The ROI was a square with side length equal to ∆y + 3dint .

As in Ref.8, we computed the instantaneous drag force on the intruder F⃗D, and then its time-

averaged magnitude ⟨FD⟩ (examples of the time evolution of |F⃗D| are available in the supplemen-

tary material). We afterward computed a mean value for the intruders, ⟨FD⟩mean, by adding their

time averages and then dividing by two, for each transverse separation ∆y. Figure 2(b) presents

⟨FD⟩mean as a function of (∆y− dint)/dint , i.e., the separation between the surfaces of intruders

normalized by the intruder diameter. We observe a non-monotonic variation, with a decrease in

the mean drag force for (∆y− dint)/dint < 1.5 as the separation between intruders increases, and

an increase for (∆y− dint)/dint > 1.5. Therefore, there is an optimal distance Dopt for minimum

drag when the separation between the surfaces of intruders is 1.5 times their diameter (Dopt → ∆y

= 2.5dint). Interestingly, in this condition the drag acting on each intruder is approximately 0.18

N, which corresponds to 85% of the value for a single intruder (Ref.8 found 0.21 N for a single

intruder under the same velocity and packing fraction). In fact, there is a range 1 ⪅ (∆y−dint)/dint

⪅ 3.5 where ⟨FD⟩mean is smaller than the drag for a single intruder, indicating that some type of

cooperative dynamics between the intruders is happening within the granular system. We note

that the value of the minimum drag is repeatable, the value 0.18N being obtained in three simu-

lations with different initialization in the same domain (confined by solid walls) and another one
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FIG. 2. (a) Snapshot showing the intruders and grains (top-view image), and a moving ROI around the

intruders (delimited by dashed-red lines). (b) Magnitude of the mean resultant force on each intruder

⟨FD⟩mean as a function of their initial separation ∆y normalized by the intruder diameter dint . (c) Mean

number of contacts per particle averaged over time ⟨Z⟩ and (d) time-averaged anisotropy ⟨ρ⟩ as functions

of (∆y−dint)/dint . In figures (b) to (d) triangles correspond to averages computed by considering the entire

domain and squares by considering only particles in the moving ROI shown in figure (a), and bars corre-

spond to the standard errors. In figure (b), the dashed-red line corresponds to the time-average drag force

found for a single intruder in Ref.8, and the marked points indicate the conditions for which the networks

of contact forces are shown in Fig. 3. All graphics are for V = 2.7 mm/s and φ = 0.76.

with periodic conditions, while a value of approximately 0.19N was obtained for a larger domain

(Lx multiplied by 2, and confined by solid walls). Therefore, the results are roughly the same
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(variations being around 5% for different domains and initial conditions).

We note that we carried out simulations with different grain sizes (5 and 6 mm), and the results

for the time-average drag are similar to previous ones: although the magnitude of the reduction

changes with the size of disks, drag reduction occurs for the same range of (∆y− dint)/dint , the

minimum drag occurring for (∆y−dint)/dint ≈ 1.5. We thus used dint as a scale for normalization,

but further investigation is still necessary. We also carried out simulations with a different velocity

of intruders (7.5 mm/s), and obtained similar results: the behavior and regions of drag reduction

are the same though the values of drag are different. The results for different sizes of disks and

intruder velocity are available in the supplementary material.

2. Network of contact forces

In the case of a cooperative dynamics, we expect that details of the network of contact forces

change with the separation between intruders. Following Radjai et al.10, we identified the con-

tact chains and separated them into load-bearing chains, transmitting forces higher than the av-

erage value (ensemble average at each considered instant), and dissipative chains, transmitting

values lower than that average. The ensemble average was computed at each time step by adding

all the contact forces and dividing the result by the number of contacts. Those chains are in-

termittent, forming and collapsing successively. Figures 3(a) to 3(c) present snapshots at four

different instants of duos moving at constant velocity for, respectively, (∆y − dint)/dint = 0.5,

1.5, and 4.0, showing also the load-bearing (clear lines) and dissipative (dark lines) chains. The

cases (∆y−dint)/dint = 0.5 and 1.5 correspond, respectively, to the maximum and minimum drags

found for V = 2.7 mm/s (Fig. 2(b)). For (∆y− dint)/dint = 0.5 (Fig. 3(a)), we observe very spo-

radic load-bearing chains linking the intruders, indicating a low level of (positive) cooperation

between the intruders, while load-bearing chains percolate over long distances from the intruders

and reach the vertical walls toward the end of their motion. Dissipative chains also reach distances

far from the intruders, and by the end of their motion percolate over almost the entire system.

For (∆y−dint)/dint = 1.5 (Fig. 3(b)), which corresponds to Dopt , we notice frequent load-bearing

chains linking the intruders, indicating positive cooperation (resulting from one intruder pushing

the other via load-bearing chains), and that load-bearing chains remain closer to the intruders,

reaching the vertical walls only at the end of motion. Dissipative chains also remain closer to

the intruders, reaching the right wall only by the end of their motion (implying less basal drag).
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a)

b)

c)

FIG. 3. From left to right, snapshots at t = 0, 35.532, 59.220 and 94.752 s of duos moving within grains at

V = 2.7 mm/s for (a) (∆y− dint)/dint = 0.5; (b) (∆y− dint)/dint = 1.5; and (c) (∆y− dint)/dint = 4.0. The

figures show the load-bearing (clear lines) and dissipative (dark lines) chains for the cases highlighted in

Fig. 2(b), and φ = 0.76.

For (∆y− dint)/dint = 4.0, (Fig. 3(c)), which corresponds to an intermediate value of ⟨FD⟩mean,

load-bearing chains link the intruders, but they also extend over distances farther from them. This,

together with dissipative chains that percolate also over longer distances and reach the lateral walls

before the end of motion, imply larger basal frictions and thus a higher drag force. Therefore, from

the balance between chains connecting the intruders and those percolating over long distances, the

intruders cooperate the most to move forward when (∆y− dint)/dint = 1.5 (∆y = Dopt = 2.5dint),

pushing each other and being subject to smaller drag.

Because the networks of contact forces are dense and intermittent, it is unfeasible to find small

changes directly from their plots, such as those in Fig. 3. We thus investigated how the mean
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number of contacts per particle averaged over time ⟨Z⟩ and the time-averaged anisotropy ⟨ρ⟩

change with (∆y− dint)/dint , which we show in Figs. 2(c) and 2(d), respectively, computed for

both the entire domain and the ROI.

By considering the entire domain, we observe that the profile of ⟨Z⟩ follows roughly that of

⟨FD⟩mean, with ⟨Z⟩ ≈ 2.9 in the region 1 ≤ (∆y−dint)/dint ≤ 4, which is approximately the value

for the single intruder (2.903)8. The anisotropy ⟨ρ⟩ considering the entire domain is roughly con-

stant, with values of the order of 0.05, also close to that for the single intruder (0.041)8. Therefore,

the granular system as a whole does not seem to play a large role on drag reduction, except when

the intruders are too close from each other ((∆y−dint)/dint < 1), being in that case almost one sin-

gle and large intruder. By considering now only the ROI, the general behaviors of both ⟨Z⟩ and ⟨ρ⟩

with (∆y− dint)/dint remain as for the entire region, but the magnitudes are different: ⟨Z⟩ varies

around 2.8 (smaller than that for the single intruder) and ⟨ρ⟩ remains constant at approximately

0.1 (larger than that for the single intruder). The network of contact forces is thus different in the

neighborhood of the intruders, with less contacts between grains and higher anisotropy, indicating

preferential directions for percolating loads. These preferential directions are connected with the

motion of disks shown in Subsection IV B 2.

Our results show that: (i) there exists a cooperative dynamics between the intruders; and (ii) in

cases of constant velocity, there is an optimal separation between intruders for not only reaching

minimum drag, but also drag reduction (with respect to single intruders). The latter can be proven

useful for designing devices stirring the ground or other granular surfaces.

Additional graphics for the number of contacts per particle Z, number of non-rattler particles

N and anisotropy ρ are available in the supplementary material.

B. Constant thrusting force

We investigate now the behavior of the entire system when a constant external force (thrust) of

0.8 N in the longitudinal direction is imposed on each intruder of either duos or trios (φ = 0.76,

unless where otherwise mentioned). In these cases, because the drag force oscillates along the

motion and the intruders are free to move in the transverse direction, the cooperative behavior

implies intruder velocities that vary along time and depend on the initial configuration, giving rise

to different types of migration.

14



Collaborative behavior of intruders moving amid grains

1. Patterns: collaborative motion

a) b) c) d)

FIG. 4. Snapshots showing the intruders and grains (top-view images) for a pair of intruders: (a) and (b)

off-centered (type III); and (c) and (d) aligned (type IV) in transverse direction. The initial condition is on

the top and the final configuration on the bottom of each subfigure, and φ = 0.76.

By varying the initial configuration of duos and trios, both in terms of orientation and separa-

tions, we obtained different migration characteristics that can be classified in patterns. Beginning

by duos, Fig. 4 shows the investigated cases, which consisted of intruders aligned (type IV, Figs.

4(c) and 4(d)), and off-centered (type III, Figs. 4(a) and 4(b), which are symmetrical) in the trans-

verse direction, with the initial condition on the top and the final on the bottom of each subfigure.

We observe basically three patterns: (i) when the intruders are off-centered (type III), the cavity

generated by the one that is in front (upstream) affects the intruder that is behind (downstream),

which then moves faster in longitudinal direction with a component in the transverse direction

toward the upstream intruder. Both intruders migrate with a small transverse component, and by

the end of their motion are aligned in the transverse direction, separated by a characteristic dis-

tance Datt (Figs. 4(a) and 4(b)). (ii) For aligned intruders (type IV) with ∆y within a certain range,

they approach or retreat until reaching ∆y f inal = Datt , and move afterward in aligned configuration,

keeping ∆y = Datt (Fig. 4(c)). (iii) For aligned intruders (type IV) with ∆y above a given threshold,

the intruders move in aligned configurations maintaining ∆y approximately constant (Fig. 4(d)).
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The temporal evolution of ∆y for the cases of Fig. 4 are available in the supplementary material.

We note that the evolution toward Datt depends on the presence of solid boundaries: we computed

one case with periodic boundaries and observed that, although there is still a collaborative motion,

the grains did not evolve to Datt (at least in the simulated domain). However, we investigate here

the confined case, and, therefore, we present next only the cases with solid boundaries.

a) b) c)

d) e)

FIG. 5. Snapshots showing the intruders and grains (top-view images), for (a), (b) and (c) one intruder in

front of two intruders initially aligned in the transverse direction (type I) and (d) and (e) one intruder behind

two intruders initially aligned in the transverse direction (type II). The initial condition is on the top and the

final configuration on the bottom of each subfigure, and φ = 0.76. Multimedia view

For the trios, Fig. 5 (Multimedia view) shows the cases that we investigated, namely one

intruder in front of two intruders initially aligned in the transverse direction (type I, Figs. 5(a) to

5(c)) and one intruder behind two intruders initially aligned in the transverse direction (type II,

Figs. 5(d) and 5(e)). We observe basically three patterns: (i) for type I with small separations

(small values of ∆y), the downstream intruders are exposed to the cavity of the upstream one, and

thus move faster in the longitudinal direction and toward the upstream intruder in the transverse
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direction, forming a clump at the end of their motion (Fig. 5(a)). At that time, the drag force is

highly increased so that the intruders stop, with indications of jamming (described in Subsection

IV B 4). (ii) Within a certain range of ∆y in types I and II (for type II it is ∆y lower than a

given threshold), the downstream intruder(s) move(s) faster in the longitudinal direction and end(s)

finally aligned with the upstream one(s), while in the transverse direction they move until reaching

∆y f inal = Datt (Figs. 5(b) and 5(d)). (iii) For ∆y above a certain value (large separations) in

types I and II, the downstream intruder(s) move(s) faster in the longitudinal direction and end(s)

finally aligned with the upstream one without changing the transverse separation (∆y remains

approximately constant, Figs. 5(c) and 5(e)).
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FIG. 6. Chart for collaborative patterns: final separations ∆y f inal as functions of initial separations ∆y. The

symbols are listed in the key and the dashed-red line corresponds to (∆y f inal − dint)/dint = 1. Multimedia

view

The different patterns are summarized in Fig. 6, which shows the final separations ∆y f inal as

functions of the initial ones ∆y, normalized by the diameter of intruders dint . In this figure, the

dashed-red line corresponds to (∆y f inal − dint)/dint = 1, and the symbols are listed in the figure

key. We observe in Fig. 6 the behaviors described in previous paragraphs, but we can now find

the respective ranges of initial separations and the value of Datt . For type I, within 1.5 ≤ (∆y−

dint)/dint ≤ 2.2 the final distances reach (∆y f inal − dint)/dint ≈ 1 (i.e., Datt = 2dint). For smaller

values of ∆y, the intruders form a clump (∆y f inal < ∆y) and for higher values they keep their

separation (∆y f inal ≈ ∆y). For type II with (∆y− dint)/dint ≤ 1 and types III and IV with (∆y−

dint)/dint ≤ 2, the intruders reach Datt = 2dint , while for (∆y− dint)/dint > 1 or 2 (for types II

or III and IV, respectively) the transverse separations remain constant (∆y f inal ≈ ∆y). Therefore,
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within certain ranges of initial separations a fixed ∆y f inal is reached (an attractor-like behavior),

corresponding to Datt/dint = 2 (surface-surface separations equal to dint). We note that one of the

runs for type I within 1.5 ≤ (∆y−dint)/dint ≤ 2.2 does not fall exactly on (∆y f inal −dint)/dint ≈

1, but lies close to it. We consider this deviation rather small, resuting from the presence of one

additional disk between two of the intruders at the final stage.

2. Motion of disks

The collaborative behavior can be examined in terms of motion of disks as the intruders are

thrust within them. Figure 7 shows snapshots of the velocity fields of disks for one intruder in

front of two intruders initially aligned in the transverse direction (type I, Figs. 7(a) to 7(c)) and

one intruder behind two intruders initially aligned in the transverse direction (type II, Figs. 7(d)

and 7(e)). In Fig. 7, φ = 0.76 (corresponds to the same cases presented in Fig. 5) and τ is the

total time of the intruders’ motion. With the exception of Fig. 7(a) (clump), we observe that even

if disks just in front of the intruder have higher velocities, the motion reaches regions far from

the intruders, extending toward the walls by the end of the intruders’ motion. Throughout the

motion, we can also observe grains recirculating from the intruders’ front toward their rear, and

also migrating from the compacted regions toward the cavities. The migration toward cavities is

particularly noticeable in Fig. 7(c), where vectors indicate migration to the central cavity and,

indeed, Fig. 5(c) shows that this cavity is almost suppressed, and in Fig. 7(e), where vectors

indicate migration to the lateral cavities, also shown in Fig. 5(e) (where those cavities are partially

suppressed).

In the specific case of Fig. 7(a) (clump), during roughly the first half of motion (t ≈ 0.06τ

to t ≈ 0.64τ) part of disks in front the downstream intruders move toward the upstream intruder

and suppress its cavity, as can be seen in Fig. 5(a). During this time, disks recirculate around the

downstream intruders, migrating from compacted regions toward their cavities. Close to the end

of motion (t ≈ 0.87τ), we observe that the intruders are close to each other and the motion of disks

is concentrated just in front of them, not reaching regions so far from the intruders as in the other

four cases, indicating a compacted region in front of them. At the same time, a large cavity forms

behind the intruders (shown in Fig. 5(a)), the degree of velocities being small in the recirculation

region. All that indicates that the intruders are about to be blocked.

In common, those cases show that part of grains in front of downstream intruders are pushed
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e)

a)

b)

c)

d)

FIG. 7. Snapshots showing the velocity fields of disks as the intruders move, for (a), (b) and (c) one intruder

in front of two intruders initially aligned in the transverse direction (type I) and (d) and (e) one intruder

behind two intruders initially aligned in the transverse direction (type II). τ is the total time of the intrudes’

motion, being 2064, 2796, 2928, 2964 and 2652 s for figures (a) to (e), respectively. The cases are in the

same order of Fig. 5 (φ = 0.76), and the scale of the colorbar is in m/s.
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toward the cavity in front of them, generated by the upstream intruder. This facilitates the motion

of downstream intruders, which move faster and reach eventually the upstream ones, whether to be

transversely aligned or to form a clump. This picture is in agreement with experiments conducted

with a single intruder moving in a system of disks with the same size as in our simulations. For

instance, Kolb et al.1 and Seguin et al.17 showed that a compacted region forms in front of the

intruder, with disks reaching the packing fraction for jamming, while a decompressed region,

usually a cavity, forms behind the intruder, so that disks recirculate from the compacted front

toward the cavity. The recirculation is intermittent, making the drag force to fluctuate around a

mean value (as we showed in Carvalho et al.8 and in Subsection IV B 3).

3. Drag force on the intruders

We measured the magnitude of the instantaneous drag force on each intruder by computing

FD =
√
(Fx −FT )2 +F2

y , where FT = 0.8 N is the magnitude of the thrusting force imposed on

each intruder, and Fx and Fy are the longitudinal and transverse components of the resultant force

(so that the basal friction is included in FD). We afterward time-averaged FD for each intruder,

obtaining ⟨FD⟩ for different initial separations. The results are summarized in Tab. III, where

⟨FD⟩1, ⟨FD⟩2 and ⟨FD⟩3 correspond to time-averaged drag forces on intruders labeled 1, 2 and

3, respectively, as shown in Fig. 1. Distances in Tab. III are normalized by the diameter of

intruders, dint , and forces by the thrusting force on each intruder, FT . From Tab. III, we notice

basically that the drag forces on the upstream intruders are larger than those on the downstream

ones, being roughly equal for intruders aligned in the transverse direction (graphics of the mean

drag forces as functions of initial separations are available in the supplementary material). This

corroborates the description given in the previous subsection. We note that the initial separation in

the longitudinal direction (∆x) only affects the time for reaching the final configuration (please see

the supplementary material for a graphic of the time to reach the final configuration as a function

of the initial separation between intruders).

4. Network of contact forces

We examine now how the network of contact forces is related with drag reduction, increase,

and even jamming in certain cases. For that, we proceeded as in Subsection IV A 2 and computed
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TABLE III. Mean drag on each intruder for different types and separations: configuration type, initial

separation in the longitudinal direction ∆x, initial separation in the transverse direction ∆y, and average

forces on intruders 1, 2 and 3, ⟨FD⟩1, ⟨FD⟩2 and ⟨FD⟩3, respectively. Values are normalized by dint and FT .

Type ∆x/dint ∆y/dint ⟨FD⟩1 /FT ⟨FD⟩2 /FT ⟨FD⟩3 /FT

I 5.00 1.88 0.54 0.46 0.46

I 3.75 1.25 0.53 0.43 0.44

I 3.75 1.88 0.54 0.44 0.45

I 5.00 3.13 0.55 0.49 0.49

I 3.75 2.50 0.61 0.58 0.57

I 3.75 3.13 0.51 0.47 0.47

I 5.63 3.13 0.54 0.47 0.47

I 5.63 4.69 0.55 0.49 0.49

I 5.63 6.25 0.56 0.50 0.51

I 3.75 3.75 0.52 0.47 0.47

II 3.75 1.25 0.49 0.53 0.53

II 3.75 1.88 0.47 0.51 0.51

II 6.25 1.25 0.48 0.56 0.56

II 3.75 3.13 0.43 0.48 0.48

II 6.25 2.50 0.40 0.48 0.48

II 6.25 3.75 0.44 0.50 0.51

III 2.50 1.25 0.57 0.61 -

III 2.50 1.25 0.42 0.54 -

III 2.50 1.25 0.49 0.55 -

IV 0 1.88 0.53 0.52 -

IV 0 2.50 0.49 0.49 -

IV 0 3.00 0.53 0.52 -

IV 0 3.75 0.49 0.49 -

IV 0 5.00 0.54 0.55 -

the load-bearing and dissipative chains. Figure 8 (Multimedia view) shows the load-bearing and
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a) b)

c) d)

FIG. 8. From left to right, snapshots at (a) t = 0 s, (b) t = 710.64 s, (c) t = 1492.80 s and (d) t = 2074.56 s

for trios organized in type I being pushed at 0.8 N (each intruder, same of Fig. 5(a)). The figures show the

load-bearing (clear lines) and dissipative (dark lines) chains, and φ = 0.76. Multimedia view

dissipative chains superposed with the particle positions at four different instants for the same

case of Fig. 5(a) (the three intruders form a clump which jams). Although load-bearing chains

exist in the region between the intruders, we notice that they percolate over longer distances as the

intruders come closer to each other. By the end of the intruders’ motion (Fig. 8(d)), load-bearing

chains are dense and reach three of the vertical walls, blocking the motion of the intruders (and

indicating a possible jamming state.).

Graphics of the evolution of Z and ρ are available in the supplementary material, and a movie

showing the motion of grains and force networks within the granular system is available in Figure

8 (Multimedia view).

5. Variations with the packing fraction

We investigate in this subsection if some of the patterns shown previously for φ = 0.76 change

with the packing fraction. For example, Figs. 9(a) to 9(d) show snapshots of final positions

for simulations of type I with φ = 0.72, 0.73, 0.76 and 0.78, respectively, for the same initial

separations (same initial configuration of intruders as in Fig. 5(a), (∆y− dint)/dint = 0.875). We
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a) b)

c) d)

FIG. 9. Snapshots of final positions for simulations of type I with (a) φ = 0.72, (b) φ = 0.73, (c) φ =0.76,

and (d) φ =0.78 (same initial configuration of intruders as in Fig. 5(a)).

observe that the increase in packing fraction boosts the cooperative dynamics between intruders:

for the lowest value (φ = 0.72), the intruders move as single objects, with virtually no cooperation,

while from φ = 0.72 to φ = 0.78 they tend to form the clumped structure in a time scale that

decreases as φ increases. Although we show here that φ is an important parameter in determining

the different patterns observed, we do not inquire into its effects, which needs to be investigated

further.

V. CONCLUSIONS

In this paper, we investigated how a group of intruders interact with each other while mov-

ing horizontally in a two-dimensional granular system. Our results show that: (i) there exists a

cooperative dynamics between the intruders; (ii) this cooperative dynamics is the result of com-

paction and expansion of the granular medium in front and behind, respectively, each intruder,

with load-bearing chains connecting the intruders and cavities being formed in front of the down-

stream intruders; (iii) for the cases presenting more drag, load-bearing chains percolate over longer

distances, reaching in some cases the vertical walls; (iv) in cases of constant velocity, there is an

optimal separation between intruders for not only reaching minimum drag, but also drag reduction
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(with respect to single intruders). This can be proven useful for designing devices stirring the

ground or other granular surfaces; (v) for constant thrust, different patterns appear depending on

the initial configurations and distances between intruders; (vi) in addition to initial separations,

the packing fraction also influences the observed patterns; (vii) for some initial arrangements, the

same spatial configuration is eventually reached, showing an attractor-like behavior. While a co-

operative dynamics was shown in the case of intruders falling within light grains by Refs.24–29,

and the compaction and expansion of the granular medium in front and behind a single intruder by

Refs.1,17, all the remaining findings are new. However, despite the progress made, some questions

remain to be investigated further, such as the variation of the magnitude of the drag reduction with

the sizes of disks and/or intruders and with the intruders’ velocity, the influence of the shapes of

disks and intruders (elliptical, angular, etc.) on the dynamics of the entire system, and the rela-

tion between the packing fraction and the optimal distance for minimum drag. On the whole, our

results bring new insights into the cooperative dynamics of intruders moving amid grains.
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